


W



CISM COURSES AND LECTURES

Series Editors:

The Rectors
Giulio Maier - Milan

Jean Salençon - Palaiseau
Wilhelm Schneider - Wien

The Secretary General

Executive Editor

The series presents lecture notes, monographs, edited works and

and Applied Mathematics.





This work is subject to copyright.
All rights are reserved,

broadcasting, reproduction by photocopying machine
or similar means, and storage in data banks.

All contributions have been typeset by the authors.









The Rayleigh-Plesset equation: a simple and powerful tool 
to understand various aspects of cavitation. 

Jean-Pierre FRANC 

University of Grenoble, France 

Abstract. This chapter is a general introduction to cavitation. Various features of cavitating 
flows are analyzed on the basis of the Rayleigh-Plesset equation. They concern not only 
the simple configuration of a single spherical bubble but also complex cavitating flows as 
those observed in cavitating turbopumps. Scaling rules, erosive potential, thermodynamic 
effect, supercavitation, traveling bubble cavitation, cavitation modeling are some of the 
topics addressed here. They are examined through this simple, basic equation which proves 
to be a quite useful tool for a first approach of real cavitation problems. 

1 Introduction 

Cavitation is the development of vapor structures in an originally liquid flow. Contrary to boiling, 
the phase change takes place at almost constant temperature and is due to a local drop in pressure 
generated by the flow itself. 

The occurrence of low pressure regions in flows is a well-known phenomenon. For example, 
in the case of a Venturi, i.e. a converging duct followed by a diverging one, the velocity is maxi-
mum at the throat where the cross section is minimum. Then, according to Bernoulli equation, the 
pressure is minimum there and the risk of cavitation is maximum. 

Another example is the flow around a foil at a given angle of attack which is representative 
of that around the blades of a hydraulic machine. From classical hydrodynamics, it is well-known 
that the foil is subject to a lift because of a lower pressure on the suction side in comparison to the 
pressure side. Hence, the suction side is expected to be the place where cavitation will first de-
velop. 

A final example is that of vortices which are very common structures in many flows. Be-
cause of the rotation and the associated centrifugal forces, the pressure in the core of such 
structures is lower than outside. Hence vortices are likely to cavitate in their core. There are actu-
ally many situations in which cavitating vortices can be observed as tip vortices or coherent 
vortical structures in turbulent flows like wakes or shear layers. 

As known from basic thermodynamics, phase change from liquid to vapor occurs at the va-
por pressure  which depends only upon the temperature. It is usually a good approximation to 
consider that the critical pressure for the onset of cavitation is the vapor pressure , although 
some deviations discussed later may occur. 
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1.1 The cavitation number 

The degree of development of cavitation is characterized by a non dimensional parameter, 
the cavitation number , defined by: 
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In this expression, ref  is a reference pressure taken at a given point in the liquid flow and V 
is a characteristic flow velocity. Both parameters need to be precisely specified for each practical 
situation. As an example, in the case of a cavitating flow past a single foil in a hydrodynamic 
tunnel (see e.g. Figure 3), the reference pressure and velocity are usually chosen as the pressure 
and velocity in the undisturbed liquid flow, far from the foil.  

p

A non cavitating flow corresponds to large values of the cavitation number. This is easy to 
understand since large values of the cavitation number usually correspond to large values of the 
reference pressure. Then, it can be expected that the pressure will be everywhere above the vapor 
pressure and the flow will remain free of cavitation. It is clear that the cavitation number has no 
influence on the fully wetted flow which will remain the same whatever the cavitation number 
may be, provided it is large enough for the flow to remain actually non cavitating. This number is 
a pertinent parameter only for cavitating flows for which it can be considered as a scaling parame-
ter which measures the global extent of cavitation. 

The onset of cavitation generally appears for a critical value of the cavitation number known 
as the incipient cavitation number i . Starting from the fully wetted flow, cavitation inception 
can be reached either by decreasing the reference pressure or increasing the flow velocity, both 
leading to a decrease in cavitation number. Any further decrease will lead to an additional devel-
opment of cavitation. In the case of Figure 3 for instance, the cavity will grow and its length will 
increase with a decrease in cavitation number leading to a longer cavity comparable to the super-
cavity shown in Figure 5. If the reference pressure is now increased, it is generally observed that 
cavitation disappears for a critical cavitation number somewhat higher than i . Incipient and 
desinent cavitation numbers are often different and an hysteresis effect is often observed. 

1.2 Main types of cavitation 

Looking at real cavitating flows as that in a cavitating turbopump (Figure 1) or around a pro-
peller (Figure 2), it appears that the liquid vapor interfaces have generally complicated shapes. 
There is a wide variety of types of cavitation and basically we can identify the following ones: 

attached cavities as that shown in Figures 3 to 5. Cavitation appears here in the form of a 
cavity attached to the suction side of the foil. The type of cavitation shown in Figure 3 is 
known as partial cavitation since the cavity covers only partially the upper side. On the 
contrary, a supercavity as shown in Figure 5 fully covers the suction side and closes 
downstream the foil trailing edge. 
traveling bubble cavitation with more or less isolated bubbles according mainly to the 
nuclei density in the free stream (Figures 6 to 8). 
cavitation clouds which can take various forms. Figure 9 gives an example of two clouds 
shed by an unsteady partial cavity. This is an illustration of the partial cavitation instability 



which is triggered by a re-entrant jet developing upward from the closure region of the 
cavity.
cavitating vortices which can be more or less structured. They are observed in particular at 
the tip of three-dimensional foils (Figure 10) or in the turbulent wake of bluff bodies 
where they are less organized because of turbulence (Figure 11). 

Secondary effects as interactions between bubbles or with solid walls, fission, coalescence, 
interface instabilities, re-entrant jet, turbulence… can dramatically complicate previous basic 
shapes of liquid / vapor interfaces at both large and small scales. The analysis of cavitation can 
then be particularly difficult because of the geometric complexity of the liquid / vapor interfaces.

1.3 Overview of chapter 

Despite this complexity, many basic results can be rather easily derived from the Rayleigh-
Plesset equation. This equation, presented in section 2, applies to an isolated spherical bubble 
which is assumed to remain spherical all along its life. It gives how its radius changes because of 
the change in pressure it might go through during its life. This is the case, for instance, of an ini-
tial microbubble or cavitation nucleus carried by a liquid flow which undergoes pressure changes 
as it goes along the blades of a hydraulic machine. It grows in low pressure regions, becomes a 
macroscopic cavitation bubble and finally collapses downstream where the pressure recovers. 

Section 3 is devoted to the presentation of a few basic results on single bubbles. First equilib-
rium is considered and it is shown that the critical pressure for the explosive growth of a nucleus 
may be significantly smaller than vapor pressure because of surface tension. The two main stages 
in the typical evolution of a cavitation bubble, i.e. growth and collapse, are then addressed with 
emphasis on the collapse time, which is a characteristic time scale of great importance in cavita-
tion. Finally, it is shown that a bubble in a liquid is an oscillator because of the elastic behavior of 
the non condensable gas generally enclosed; the period of oscillation, which is another character-
istic time scale, is introduced. 

Section 4 is devoted to the presentation of non dimensional forms of the Rayleigh-Plesset 
equation from which a few conclusions on cavitation scaling are deduced. A first form based on 
the introduction of characteristic times – pressure, viscous and surface tension times – allows the 
estimation of the relative importance of each of these phenomena on the dynamics of a single 
bubble. A second form appropriate to the case of a bubble traveling on the suction side of a blade 
allows the derivation of scaling laws for traveling bubble cavitation.  

Section 5 addresses thermal effects in cavitation. An extended form of the Rayleigh-Plesset 
equation including thermal effects is derived. Once more it is made non dimensional in order to 
develop a practical criterion for the estimation of the so called thermodynamic effect in cavitation. 

Section 6 is relative to supercavitation, a field in which the Rayleigh-Plesset equation is sur-
prisingly applicable. According to the Logvinovich independence principle, the dynamics of any 
cross section of a supercavity is independent of the neighboring ones and can be modeled by a 
Rayleigh type equation. This section shows that the Rayleigh equation, originally derived for 
spherical bubbles, may also be useful for other cavities whose geometry is actually far from being 
spherical. 



Section 7 is devoted to an analysis of cavitation erosion using once more the Rayleigh equa-
tion. Firstly, it is shown that the spherical collapse of a bubble generates a pressure pulse of high 
amplitude that can largely exceed the yield strength of usual materials and hence cause damage. 
The flow aggressiveness of a single bubble and consequently of a whole cavitating flow is then 
analyzed with a special emphasis on the influence of velocity on erosive potential. The section 
closes with a few general remarks on the erosive potential of various cavitating flows, still based 
on a discussion of the Rayleigh equation. 

In section 8, it is shown that the dynamics of other types of cavities, as ring bubbles, can be 
modeled by a Rayleigh-Plesset type equation, with some changes and additional terms which take 
into account the specificities of such cavitating structures, as vorticity. 

The chapter ends with a brief presentation of a cavitation model based on the Rayleigh-
Plesset equation and often used for simulation. The liquid is assumed to carry cavitation nuclei 
and the Rayleigh-Plesset equation, which models the evolution of individual bubbles in the clus-
ter, is coupled to Navier-Stokes equations. Such a technique is appropriate to the modeling of 
complex real cavitating flows, as for instance cloud cavitation generated by a pulsating leading 
edge cavity. 



Figure 1. Cavitating flow in the inducer of a rocket engine turbopump (Courtesy of SNECMA Moteurs 
and CNES) 

Figure 2. Cavitating flow in a marine propeller (Courtesy of DGA/BEC)



Figure 3. Partial cavity flow on a hydrofoil

Figure 4. Unstable partial cavitation on a hydrofoil

Figure 5. Supercavity flow around a hydrofoil in a cavitation tunnel



Figure 6. Two cavitation bubbles on the suction side of a hydrofoil

Figure 7. Traveling bubble cavitation at medium angle of attack

Figure 8. Traveling bubble cavitation at large angle of attack



Figure 9. Unsteady leading edge cavity shedding cavitation clouds

Figure 10. Vortex cavitation at the tip of a three dimensional foil

Figure 11. Cavitating vortices in the turbulent wake of a bluff body



2 The Rayleigh-Plesset equation 

2.1 Cavitation nuclei 

Cavitation is generally initiated from microscopic nuclei carried by the flow. Such nuclei are 
points of weakness for the liquid from which macroscopic cavities are generated and grow in low 
pressure regions. 

The simplest and most widely used model of nucleus is that of a microbubble. Such a micro-
bubble, typically of a few microns in diameter, is assumed to be spherical and to contain a 
gaseous mixture made of the vapor of the liquid and possibly of non condensable gas. The pres-
ence of non condensable gas is quite general in practice. In the most common case of water, it is 
well-known that ordinary water contains dissolved air (essentially oxygen and nitrogen) at least if 
no special degassing procedure is applied to it. The presence of non condensable gas inside the 
bubbles is then due to the migration of gas by molecular diffusion through the bubble interface. 

Figure 12 illustrates how a microbubble can give birth to a macroscopic cavitation bubble 
when moving along the suction side of a foil. 

Figure 12. Growth of a nucleus on the suction side of a hydrofoil

2.2 The dynamics of a spherical bubble 

It is then of major importance for the understanding of cavitation to be able to understand 
and predict the evolution of such a bubble. This is possible from the Rayleigh-Plesset equation. 
The driving parameter for the bubble dynamics is obviously the pressure. In the case of Figure 12 
for example, the pressure which is applied to the bubble changes during its movement along the 
suction side. It is usually assumed to be the pressure of the original fully wetted flow at each 
successive location of the bubble center. This time dependent pressure that the bubble experiences 
is the driving factor of the bubble dynamics. 

For simplicity, the bubble is assumed to evolve in a infinite medium at rest at infinity. The 
basic input for bubble dynamics is the instantaneous pressure law  applied to it. Any other )t(p



flow than the pure radial one induced by the growth or collapse of the bubble is ignored. All the 
information on the original flow is then supposed to be included in the only  law. )t(p

The expected output is the time evolution of the bubble radius R(t). It satisfies the following 
second-order differential equation known as the Rayleigh-Plesset equation: 
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The derivation of this equation together with the main required assumptions can be found in 
any textbook on cavitation (see e.g. Brennen (1995), Franc and Michel (2004)). In this equation, 

 and  are the first and second order derivatives of the bubble radius with respect to time and 
 is the initial bubble radius. 
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On the right hand side, four different terms appear. The first one , which meas-
ures the closeness of the applied pressure to the vapor pressure, is the driving term for the bubble 
evolution. It is the most fundamental one since the evolution of the bubble (growth, collapse, 
oscillations…) will depend essentially upon it. 

)t(ppv

The second one is the contribution of non condensable gas. Its derivation is based on several 
assumptions. First it is assumed that the mass of non condensable gas inside the bubble remains 
constant during its evolution. This is a simplifying assumption that could be evaluated by solving 
the mass diffusion equation, which is however far beyond the scope of the present introductory 
chapter.

Secondly, this constant mass of gas is assumed to follow a polytropic thermodynamic behav-
ior characterized by a given polytropic coefficient k. If the behavior is isothermal, k=1. If it is 
adiabatic, k is the ratio  of the heat capacities of the enclosed gas. To resolve the ambiguity, it 
would be necessary to solve an energy equation, which is not essential at this step. The gas trans-
formation can often be assumed as isothermal since the characteristic time for the evolution of a 
nucleus in real cavitating flows is usually much larger than that required for heat transfer so that 
temperature equilibrium is continuously achieved. However, for big bubbles resulting of the ex-
plosion of a nucleus, the behavior tends to be adiabatic (cf. Franc and Michel (2004)). 
Nevertheless, we will keep both possibilities by introducing a polytropic coefficient k. 

The polytropic behavior is described by the following law between the partial pressure 
of the gas inside the bubble and its radius R:
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where subscript 0 refers to initial conditions. In this equation,  is actually representative of the 
bubble volume. From the previous equation, the second term on the right hand side of the 
Rayleigh-Plesset equation appears to be simply the instantaneous partial pressure  of the gas 
inside the bubble. 
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The third term is the contribution of surface tension. S is the usual surface tension coefficient 
expressed in N/m or J/m2. Since R appears at the denominator, this term is important only for 
small radii. 



The last term accounts for the effect of dynamic viscosity  of the liquid. Dissipation due to 
viscosity appears to be proportional to bubble deformation rate  and inversely proportional to 
bubble radius so that it is expected to be significant only for small radii as surface tension. 

R

When the effects of non condensable gas, surface tension and viscosity are negligible, as it is 
the case for big enough bubbles, the Rayleigh-Plesset equation reduces to the simple Rayleigh 
equation : 
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Furthermore, if the applied pressure  is constant, the Rayleigh equation can be integrated 
once to give the bubble interface velocity: 
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3 A few basic results 

3.1 Bubble equilibrium 

Although it is not necessary to know the Rayleigh-Plesset equation to study the equilibrium 
of a bubble, the condition for equilibrium can easily be deduced from the Rayleigh-Plesset equa-
tion by setting all time derivatives to zero and assuming constant the external pressure . For 
the analysis of equilibrium, it is common to assume the gas transformation as isothermal (k=1)
since the temperature can be considered as continuously fixed by that of the liquid. If so, we get 
the following equilibrium condition: 
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This equation expresses that the difference between the pressure inside and outside the bub-
ble is due to surface tension. By solving it with respect to R, we can obtain the radius of 
equilibrium of a bubble at any external pressure . The corresponding relationship between 
pressure at infinity and equilibrium radius is shown in Figure 13. 
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It is important to observe that the equilibrium is not always stable. This point is connected to 
the existence of a minimum for the equilibrium curve. The corresponding pressure and radius, 
called critical (for reasons which will become clear at the end of this section) and labeled here by 
subscript c, are given by: 
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Critical radius and pressure depend on surface tension S and on the group of parameters 
. Since  is proportional to the volume of the bubble, is actually proportional 

to the mass of non condensable gas in the bubble. As a nucleus is completely defined by the quan-
tity of non condensable gas it contains (which is assumed constant), it can also be characterized 
by either its critical radius or, what is most common, by its critical pressure. 
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To come back to the problem of stability, consider three different nuclei in equilibrium under 
conditions 1, 2 and 3 as shown in Figure 13 and, in order to analyze the stability, let us assume 
that the pressure is, for example, slightly lowered. The equilibrium condition 3.1 is obviously no 
longer satisfied and the unbalance due to a lower pressure  is such that the right hand side of 
the Rayleigh-Plesset equation becomes positive. Hence the bubble will grow as it can be reasona-
bly expected following a pressure drop. 
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unlimited growth1
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Figure 13. Equilibrium radius of a cavitation nucleus versus pressure at infinity

In the case of nucleus 1, it is clear that the bubble will reach a new equilibrium since the rep-
resentative point of the bubble follows a path which crosses the equilibrium curve at a new point 
1'. This descending part of the equilibrium curve is then stable. 

On the contrary, for nucleus 2, the bubble will indefinitely grow without crossing the equilib-
rium curve, so that the equilibrium is unstable. 

Finally, in situation 3 for which the pressure is lowered below the critical pressure which cor-
responds to the minimum of the equilibrium curve, the bubble will grow indefinitely as well 
without reaching a new equilibrium. Hence the critical pressure can actually be considered as a 
threshold for the microbubble to explode and become a macroscopic cavitation bubble. 



According to equation 3.2, the critical pressure is smaller than the vapor pressure and the dif-
ference is due to surface tension. It is negligible for large nuclei but can become important for 
small ones. As an example, a nucleus of radius m3R0  in equilibrium in water 
( = 2300 Pa, S = 0.072 N/m) at atmospheric pressure = 10vp p 5 Pa will have a partial pressure 
of air inside equal to 146 000 Pa, a critical radius R/S2ppp v0g m9Rc  and a 
critical pressure  which appears to be significantly smaller than the vapor 
pressure and even negative. A tension is then necessary to activate this nucleus and make it grow 
indefinitely. 

Pa60010pp vc

The difference  is known as the nucleus static delay. In the introduction of this chap-
ter, we mentioned that the threshold pressure for cavitation is usually considered as the vapor 
pressure. The present model shows that the threshold pressure is actually the nucleus critical 
pressure which is smaller than the vapor pressure. 

cv pp

In ordinary water, there are generally many nuclei with a wide range of diameters. The 
weakest points are the biggest nuclei since their critical pressure is the largest. They will then 
cavitate first. The critical pressure of the biggest nuclei is known as the susceptibility pressure of 
the liquid sample. It is the critical pressure for cavitation. If no special treatment is applied to the 
liquid by removing big nuclei, the susceptibility pressure is expected to remain close to the vapor 
pressure and the assumption of a threshold for cavitation equal to the vapor pressure is quite ap-
propriate. 

3.2 Bubble growth 

As already observed, the effects of non condensable gas, surface tension and viscosity be-
come negligible when the cavitation bubble is much bigger than the original nucleus. If so, the 
simplified Rayleigh equation is applicable. If the applied pressure  equals the vapor pressure 

v , the bubble is in equilibrium. If v

p
p pp , the bubble will grow ( ) and, according to 

Equation 2.4, the asymptotic growth rate for large radii is: 
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 This equation is valid quite early since, as soon as the cavitation bubble is three times bigger 
than the initial nucleus, the error on the estimation of the interface velocity using Equation 3.3 
instead of Equation 2.4 is smaller than 2%. Previous equation is important in cavitation as it gives 
the order of magnitude of the growth rate of a cavitation bubble when submitted to a given pres-
sure < v . Let us observe that simple dimensional arguments would have lead to the same 
formula, except for the numerical coefficient 

p p
3/2  which cannot be predicted from a pure di-

mensional analysis. 

3.3 Collapse of a pure vapor bubble 

If the applied pressure is higher than the vapor pressure, the bubble radius decreases 
( ). This is the collapse phase. If we continue to ignore the effects of viscosity, non con-
densable gas and surface tension, the interface velocity during collapse is given by: 
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Integration of Equation 3.4 allows the computation of the collapse time or bubble lifetime i.e. 
the time necessary for the bubble to completely disappear until R vanishes (R=0). This time is 
called the Rayleigh time and is given by: 
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It is interesting to observe that, once more, a simple dimensional analysis would have lead to 
the same formula except for the coefficient 0.915 which could not be guessed. The subscript p 
just recalls that this characteristic time scale is directly connected to the pressure difference 

 (see also section 4.1). vpp

It is of crucial importance in cavitation to observe that during the collapse phase of a pure 
vapor bubble without non condensable gas inside as assumed here, the interface velocity  is 
always increasing and becomes infinite at the very end of the collapse (R=0). This final behavior 
is of course not realistic providing evidence that some original assumptions are no longer physi-
cally valid at the ultimate stage of collapse. This is the case when assuming the liquid 
incompressible, which is obviously unacceptable when the interface velocity comes near to the 
speed of sound. This is also the case when ignoring the effect of non condensable gas since they 
are continuously compressed and their pressure drastically increases during collapse. This is an-
other limiting factor which contributes to a reduction in the interface velocity during the final 
stage of collapse and possibly an inversion of the movement causing bubble rebound. 

R

3.4 Bubble resonance frequency 

A bubble in a liquid is a possible oscillator because of the elastic behavior of the non con-
densable gas that the bubble contains and the inertia of the liquid. Then, a natural resonance 
frequency is associated to any cavitation bubble in a liquid. However, dissipative losses as those 
due to viscosity or heat conduction for instance tend to damp out bubble oscillations. From the 
Rayleigh-Plesset equation, it is easy to predict the pulsating behavior of a bubble and in particular 
to compute its resonance frequency. 

Consider a bubble of radius 0  in equilibrium at pressure 0 . The partial pressure of
non condensable gas in the bubble is given by the equilibrium condition (cf. Equation 3.1): 
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Suppose that the pressure  oscillates around equilibrium 0  with pulsation p p  and a 
small amplitude p  according to the relation tsinppp 0 . The variations in bubble 
radius can be computed using the Rayleigh-Plesset equation which can be written as follows after 
making use of the equilibrium condition: 
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By introducing the displacement 0RRR  instead of R and assuming that R  remains 
small which is normally the case if the driving pressure fluctuation p  is small enough, the previ-
ous equation can be linearized as follows: 
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This is the usual equation of a forced harmonic oscillator whose natural frequency is: 
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Making use of the equilibrium condition 3.6 to estimate the partial pressure of non condens-
able gas, the resonance frequency is more straightly given by the following equation: 

00
v0

0
0 R

S2

R

S2
ppk3

1

R2

1
f (3.10) 

1

10

100

1000

10000

1 10 100 1000
Bubble radius R0 (μm)

R
es

on
an

ce
fr

eq
ue

nc
y

(k
H

z)

without surface tension (S=0)
with surface tension S=0.072 N/m

1

10

100

1000

10000

1 10 100 1000
Bubble radius R0 (μm)

R
es

on
an

ce
fr

eq
ue

nc
y

(k
H

z)

without surface tension (S=0)
with surface tension S=0.072 N/m

Figure 14. Resonance frequency for cavitation bubbles in water oscillating adiabatically 
at atmospheric pressure ( 0 =10p 5 Pa, v =2300 Pa, k = p  = 1.4, S = 0.072 N/m, = 1000 kg/m3).

Without surface tension (S = 0), the frequency is inversely proportional to bubble radius. 

The resonance frequency of cavitation bubbles of various radii in water oscillating adiabati-
cally (k =  = 1.4) at atmospheric pressure is shown in Figure 14. The influence of surface 



tension appears negligible except for small radii. The resonance frequency can then be considered 
as inversely proportional to the bubble radius. 

The period of natural oscillation is another important characteristic time for a cavitation bub-
ble. In the present case of a bubble submitted to an oscillating pressure field, the amplitude of the 
harmonic response of the bubble depends greatly on the ratio of the frequency of the applied 
pressure to the bubble resonance frequency, as for any forced oscillator. More generally, the pe-
riod of natural oscillations has to be compared to the characteristic time of pressure variations. If 
they are of the same order of magnitude, bubble oscillations are expected. 

Furthermore, let us observe that the second term on the left hand side of Equation 3.8, which 
involves the first derivative of the bubble radius, demonstrates the damping effect of viscosity on 
bubble oscillations. 

4 Cavitation scaling 

4.1 Characteristic time scales for an isolated pure vapor bubble 

The Rayleigh-Plesset equation is a rather convenient basis to point out characteristic time 
scales of the cavitation phenomenon. In the previous sections, we already introduced two of them. 
Firstly, the Rayleigh time, which depends upon the bubble initial radius and the difference be-
tween the applied pressure and the vapor pressure. It is typical of the bubble lifetime when 
collapsing. Secondly, the resonance frequency, which is mainly connected to the elastic behavior 
of the non condensable gas, and which characterizes the period of natural oscillations. In the 
present section, two new time scales are introduced. They are connected to two other physical 
phenomena, namely viscosity and surface tension. By comparing these various characteristic time 
scales, it is possible to estimate the importance of each associated physical phenomenon on the 
dynamics of a cavitation bubble. 

We consider here a pure vapor bubble without any non condensable gas inside and we sup-
pose it is submitted to a varying pressure at infinity . Let  be a characteristic length scale 
for the bubble radius. If we are interested in the first stage of the bubble evolution, it is natural to 
choose the initial radius  for . From purely dimensional arguments, we can then define a 
viscous time 
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 and a surface tension time S  on the basis of length scale  and either viscosity a

 or surface tension S. It is easy to check that the two following variables are actually measured 
in time units: 
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In addition, we consider a pressure time defined by: 
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In this equation, ref  is a reference pressure which is supposed to be a suitable order of 
magnitude for the applied pressure . This time scale is similar to the Rayleigh time 
introduced in section 3.3 devoted to the analysis of bubble collapse, except that the constant 0.915
has been ignored and the initial bubble radius  has been replaced by a, to be more general. 
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The discussion on the relative importance of these various time scales is conducted on the 
basis of a non dimensional form of the Rayleigh-Plesset equation (2.1). The bubble radius is made 
non dimensional using length scale a:

a

R
R (4.3) 

As for the characteristic time scale, it is a priori unknown. We will then introduce a new con-
stant  which is assumed to be a characteristic time for the bubble evolution. One of the 
conclusions of the present approach will be the actual estimation of this time scale. A non dimen-
sional time t  is then defined by: 

t
t (4.4) 

It is of major importance to carefully choose the reference length scale a and time scale .
Actually, they must be pertinent orders of magnitude of the bubble radius and evolution time. In 
other words, the corresponding non dimensional variables R  and t  must be of the order of unity. 
At the beginning of bubble evolution, the initial radius is obviously a suitable length scale as 
already mentioned. However, since the bubble size may change by several orders of magnitude 
with time, it may be necessary to adapt the characteristic length scale during bubble evolution. 
Furthermore, if the bubble evolution is sufficiently regular, such a well thought non dimensional 
procedure ensures that the derivatives R  and R  are also of the order of unity, as usually as-
sumed in classical dimensional analysis. 

With this change of variables, the Rayleigh-Plesset equation takes the following non dimen-
sional form (the effect of non condensable gas is not included here): 
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From previous equation, it is easy to estimate the relative importance of the three terms 
driven respectively by pressure, surface tension and viscosity, which appear on the right hand 
side. Since all variables including the non dimensional radius R  and its derivatives are of the 
order of unity, as mentioned above, the dominating term is the one whose characteristic time is 
the smallest. The two others can then be neglected. This procedure allows the identification of the 
physical mechanism which controls the evolution of the bubble. 

To illustrate the approach, the characteristic pressure, surface tension and viscous times are 
plotted in Figure 15 against the bubble radius a. The pressure time depends upon the reference 
pressure  which has been chosen equal to 1 bar in Figure 15 as an example. From this fig-refp



ure, it appears that the pressure controls the dynamics of the cavitation bubble in a wide range of 
radii. Surface tension becomes dominating for bubbles smaller than typically 1 μm in radius 
whereas viscous effects are predominant only for very small bubbles, smaller than about 0.1 μm. 

In addition, such an approach can give the order of magnitude of the characteristic time 
for the evolution of the bubble, which remains unknown so far. As an example, consider the case 
of the collapse of a vapor bubble under a constant pressure refp)t(p . If the collapse is 
pressure dominated, the two last terms in Equation (4.5) are negligible. Since the left hand side is 
of the order of unity (still because of the suitable choice in reference length and time scales), it is 
concluded that time  must be of the same order of magnitude that pressure time p' . This 
shows that the collapse time is actually given by the pressure time as already concluded in section 
3.3 from a detailed computation of the bubble lifetime. Similarly, considering the case of a col-
lapse dominated by surface tension, it can be concluded that the surface tension time S  is a 
relevant order of magnitude for the collapse time under the only effect of surface tension. 
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Figure 15. Characteristic time scales versus bubble radius. 
Pressure time is estimated at atmospheric pressure ( ).bar1p ref

4.2 Scaling law for traveling bubble cavitation 

We consider here the case of traveling bubble cavitation as shown in Figures 6 to 8. In such a 
cavitating flow, the cavitation bubbles are generated from nuclei carried by the oncoming liquid. 
They grow on the suction side of the foil before collapsing in the pressure recovery region. 



The problem which is addressed here is the influence of foil size on the dynamics of cavita-
tion bubbles. In particular, we will discuss the scaling law to be satisfied to ensure similarity 
between a prototype at full scale and a model at smaller scale. 

This problem can be approached by using the Rayleigh equation and computing the evolu-
tion of a bubble moving along the suction side. The pressure law  which has to be 
introduced in the Rayleigh equation is deduced from the computation of the fully-wetted flow 
around the foil. It is assumed to be given by the successive pressures that the bubble center en-
counters as it moves along the foil. Clearly, this method ignores possible interactions between 
bubbles and also the change in the original fully-wetted flow pressure distribution due to the 
development of cavitation. 

)t(p

In addition, the effects of surface tension, viscosity and gas content are neglected, which is 
valid as soon as the microbubble becomes a macroscopic cavitation bubble. It is then quite good 
to consider the Rayleigh equation (2.3): 
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In this problem, the time variable t is not really a relevant parameter and it is more appropri-
ate to consider the distance x along the foil. Time derivatives are then changed into space 
derivatives using the mean flow velocity V of the bubble according to the common transformation 

. The previous equation is then transformed as follows: tVx
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where  is the pressure to which the bubble is submitted at any station x along the foil. )x(p

The approach is still based upon a non dimensional form of the Rayleigh equation. The dif-
ference in comparison with previous section 4.1 is that the bubble radius R and the distance x are 
made non dimensional using here the chord length c, so that the new non dimensional variables 
are:
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In addition, we introduce the usual non dimensional pressure coefficient  defined by: pC

2
2
1

ref
p

V

p)x(p
)x(C (4.9) 

where ref  is a reference pressure already introduced in section 1.1. Using definition 1.1 of the 
cavitation parameter, equation (4.7) takes the following non dimensional form: 
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Let us observe that, in the present approach, the bubble is assumed to have a constant veloc-
ity V. If, at any time, the bubble is supposed to take the local flow velocity on the foil, which is 
more realistic, an additional term appears in equation (4.10) (see e.g. Franc & Michel (2004)). 
The general conclusions remain however unchanged. 

Consider two similar flows around geometrically similar foils at exactly the same angle of at-
tack, the only difference being the chord length which is respectively c and c . The pressure 
coefficient distribution is then exactly the same. Provided the cavitation number is the same for 
both flows, the non dimensional solution )x(R  of equation (4.10) is the same too. In other 
words, at the same relative position x  on the foil, the radius of the cavitation bubble is propor-
tional to the chord length c. The bigger the foil, the bigger the bubble, as schematically shown in 
Figure 16. 
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Figure 16. Scaling rules between model and prototype for traveling bubble cavitation

If we now consider the case of traveling bubble cavitation with several bubbles growing to-
gether on the suction side, both cavitating flows, model and prototype, will be similar if, in 
addition, similar volumes of liquid contain exactly the same number of active nuclei. If so, there 
will be statistically the same number of cavitation bubbles on the foils. The cavitation pattern and 
then the hydrodynamic performance of the foils will be statistically identical. In terms of nuclei 
density i.e. of number of microbubbles per unit volume, this requires that the nuclei density c
for model tests be  times larger than the nuclei density c  for the prototype. The following 
scaling law must then be satisfied between model and prototype: 
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c
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N
(4.11) 

This  law suggests that the density of active nuclei must be much larger for the model at 
small scale than for the prototype at full scale. 

3

This scaling law does not need to be satisfied when the foil suction side is saturated with 
cavitation bubbles for large nuclei densities. When saturation occurs, the foil is fully covered with 



bubbles which merge and form a kind of continuous cavity where the pressure is set to the vapor 
pressure. Beyond saturation, foil performance becomes independent of nuclei content and there is 
no need to satisfy the previous  scaling law. It is the reason why model tests are sometimes 
conducted with maximum nuclei seeding to get rid of this constraint and also be sure not to over-
estimate cavitation performances. 

3

5 Thermodynamic effect 

As mentioned in the introduction of this chapter, it is generally assumed that temperature is 
uniform and equal to the liquid bulk temperature all over a cavitating flow. This is the case for 
water at normal temperature. Strictly speaking, the temperature variation induced by cavitation is 
so small in cold water that it can actually be neglected. 

However, this is not the case for all fluids. For cryogenic liquids used in rocket propulsion 
for instance, the temperature in the cavitating region cT  may be significantly lower than that of 
the liquid bulk . The physical mechanism for this drop in temperature is the following. T

Cavitation is basically a vaporization of the liquid which involves a latent heat as for any 
phase change. Since the cavities are growing inside the liquid itself, the latent heat of vaporization 
can only be supplied by the liquid surrounding the cavities. Hence, the liquid close to the two 
phase region, and consequently this region itself, is cooled down. 

Although the phenomenon is reversed in the collapse region, the growth region is generally 
prevailing. As an example, consider the case of a partial cavity attached to the leading edge of a 
foil, as shown in figure 17. Vaporization takes place on a large and steady upstream part of the 
cavity whereas condensation occurs around cavity closure, where vapor structures are shed and 
entrained by the liquid flow. The temperature drop is maximum close to the cavity leading edge 
and the temperature progressively increases along the cavity and reaches the liquid bulk tempera-
ture around cavity closure. There is no overshoot in mean temperature connected to condensation 
at closure mainly because of an important dispersion of vapor structures and a high turbulence 
level which both contribute to make the temperature practically uniform in this zone. The follow-
ing approach will then be focused on the case of a growing bubble which is representative of 
most real situations. 

In the absence of thermodynamic effect, the pressure inside the bubble would be .
Because of the drop in temperature, the actual pressure is somewhat smaller. It is equal to 

, the vapor pressure at the actual bubble temperature cT . Note that it is quite a general 
result to assume thermodynamic equilibrium in cavitating flows. It is only in very special situa-
tions, as during the ultimate stage of collapse for instance, that this condition might not be 
satisfied. The difference in pressure 

)T(pv

)T(p cv

ppv  responsible for bubble growth is then smaller and 
bubble growth is slowed down. Therefore, the thermodynamic effect tends to reduce the devel-
opment of cavitation. This is a general conclusion valid for any type of cavitation. The length of 
leading edge cavities for instance may be significantly reduced by thermodynamic effect. 
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Figure 17. Schematic view of leading edge cavitation

In practice, the problem is to evaluate the order of magnitude of the temperature drop as a 
function of the thermodynamic properties of the liquid and its vapor and also of the cavitating 
flow conditions. This requires to write an energy balance which has been ignored so far. 

Consider a cavitation nucleus which is growing in a liquid medium whose temperature far 
from the bubble is . Let R(t) be the bubble radius at time t and  the temperature inside. 
Initially, it is assumed that the radius of the original microbubble is negligible and that the internal 
temperature is that of the liquid .

T )t(Tc

T

During bubble growth, the heat necessary for vaporization is supposed to be supplied to the 
interface by conduction through the liquid. Hence, a thermal boundary layer develops on the 
bubble wall. The liquid temperature drops from  to  through this boundary layer (see figure 
18). As for any diffusive process, the order of magnitude of the boundary layer thickness is 

T cT
t

where  is the thermal diffusivity of the liquid ()c/( p ,  and  are the con-
ductivity, density and heat capacity of the liquid). The typical temperature gradient within the 
boundary layer is 

pc

t/T  where cTTT . According to Fourier's law, the conductive 
heat flux towards the interface is then of the order of t/T .

The energy balance expresses that, at any time, the heat supplied by conduction to the inter-
face of area  is used for vaporization and causes the increase of the mass of vapor 2R4 v

3
3
4 R

inside the bubble ( v  is the vapor density). Hence, the energy balance writes: 
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where L is the latent heat of vaporization. 

Previous equation leads to the following estimate of the temperature drop at any time: 
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Let us observe that the quantity 
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v

c

L
*T (5.3)

has temperature units. This group of parameters appears commonly when thermodynamic effect 
is concerned. Experiments show that *T  is a relevant order of magnitude of the temperature 
drop due to thermal effects. Figure 19 gives some typical values of *T  for different fluids at 
different temperatures. From this figure, the thermodynamic effect appears negligible for water at 



room temperature whereas it becomes significant for hot water. It is important for liquid hydrogen 
around 20 K as used in rocket engines. 
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Figure 18. The thermal boundary layer on the bubble interface

The B factor of Stepanov is the non dimensional temperature drop defined by: 

*T

T
B (5.4) 

This parameter has a simple physical interpretation. Consider that a volume v  of vapor is 
produced and that the heat required for vaporization is taken from a volume  of liquid which is 
supposed to be cooled of cTTT . If so, the heat balance writes: 

(5.5) TcL pvv

Hence, the B factor appears to be the ratio  of the volume of vapor produced to the 
volume of liquid that supplies the latent heat of vaporization. 

/v

The drop in temperature T  is accompanied by a drop in vapor pressure vp  given by: 

T
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)T(p)T(pp v

cvvv (5.6) 

The slope of the vapor pressure curve  can be estimated using the famous thermo-
dynamic equation of Clapeyron in which we can usually assume that vapor density is negligible 
with respect to liquid density: 
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Figure 19. Values of T* for liquid hydrogen, liquid oxygen, refrigerant 114 and water 
at different temperatures

By combining equations (5.2), (5.6) and (5.7), the drop in vapor pressure for the growing 
bubble is then: 

tRpv (5.8) 

where parameter , originally introduced by Brennen, is defined by: 

Tc

)L(

p
2

2
v (5.9) 

Like *T , the  parameter, which has units of m/s3/2, increases significantly with thermal 
effects. It can then be considered as another indicator of the magnitude of  the thermodynamic 
effect. Table 1 gives typical values for cold and hot water. 

WATER 20°C 100°C 

*T  (K) 0.0102 0.324

 (m/s3/2) 3.89 2944

Table 1. Values of *T  and  for water at 20°C and 100°C

To come back to the growth of a cavitation bubble in case thermal effects are not negligible, 
consider the Rayleigh equation (2.3): 
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R

2

3
RR cv2 (5.10) 

In this equation, the vapor pressure which holds for the pressure inside the bubble is taken at 
temperature . Introducing the vapor pressure at the liquid bulk temperature , we obtain: cT T

p)T(pp
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This equation is similar to the usual Rayleigh equation except concerning the second term on 
the left hand side which is new and accounts for thermal effects. Using equation (5.8), this term is 
transformed as follows: 
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The thermal term, which is initially zero, takes increasing importance with time. Hence, 
thermal effects remain negligible as long as: 

p)T(p
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Since the bubble growth rate  is of the order of R )p)T(p( v , the previous con-
dition becomes: 

2
v p)T(p

t (5.14) 

In the practical case of a cavitating flow of characteristic velocity V and characteristic length 
scale L as that around a blade of chord length L, the typical time t available for bubble growth is 
the transit time L/V. It has to be compared to the characteristic time )(p)T(p 2

v  to 
estimate whether thermal effects significantly affect cavitation or not. In this equation,  is the 
pressure applied to the bubble and responsible for its growth whose typical value is the minimum 
pressure on the foil. For a given fluid and given cavitating conditions, it is then quite easy from 
equation (5.14) to evaluate the importance of the thermodynamic effect. In particular, it is clear 
that the larger 

p

, the more important the thermodynamic effect. 

6 Supercavitation 

Supercavity flows as the one shown in figure 5 are characterized by a long cavity whose 
length may be much larger than that of the cavitator which generates it. The closure region of a 
supercavity takes place in the liquid bulk, usually far downstream the cavitator. The smaller the 
cavitation number, the longer the cavity. 

We will consider here the case of an axisymmetric supercavity flow past a cavitator as shown 
in figure 20. For long cavities, the slender body approximation can be applied. It consists in as-
suming that the body and its cavity bring only a slight perturbation to the basic flow and then that 
the axial flow velocity is everywhere close to the velocity at infinity V . Although V  is as-
sumed constant, the present approach applies to unsteady supercavities when unsteadiness is due 
to a time dependent pressure at infinity  or a time dependent pressure inside the cavity .p cp

The latter occurs especially in ventilated flows when the cavity is generated by blowing non 
condensable gas (e.g. air) in the wake of the cavitator. Ventilated flows are similar to natural 
cavity flows, in spite of some differences connected to the non condensable nature of the injected 
gas in comparison to vapor, and are then relevant of the same type of approach. A particular fea-
ture of ventilated flows is the possibility for the cavity to have a pulsating behavior connected to a 
periodic release of air in the wake. If so, the cavity length oscillates periodically and the cavity 



pressure  too. Pulsating ventilated supercavities is an example of unsteady supercavity flows 
which can be modeled by the present approach. 
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Figure 20. Axisymmetric supercavity flow

Consider a cross section area of the cavity at station x. The corresponding radius and section 
are respectively R and . Both depend on the axial position x and in addition on time t in 
the unsteady case. It can be shown (cf. e.g. Franc & Michel, (2004)) that the evolution of the 
cross section area S is given by the following equation: 
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This equation is derived from Euler equation using the mass conservation equation together 
with the slender body approximation. d/dt is the usual transport derivative given by: 

x
V
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d
(6.2) 

The  parameter takes into account the inertia of the liquid surrounding any section of cav-
ity and is equivalent to an added mass coefficient. It is generally assumed constant and can be 
related to the cavitation number . In particular, its asymptotic behavior when  approaches 
zero i.e. for long supercavities is the following (see Franc & Michel, (2004)): 

1
ln2 (6.3) 

By using , equation (6.1) becomes: 2RS

)pp(
1
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where  and  stand respectively for  and . Equation (6.1) is then very simi-
lar to the Rayleigh equation except for the coefficient of  which is 3/2 in the original Rayleigh 
equation for the spherical bubble and which is here 1 in axisymmetric configurations. This simi-
larity gives a basis for the physical interpretation of equation (6.1). 

R R dt/dR 22 dt/Rd
2R

Consider a given cross section of the axisymmetric cavity. The use of the transport derivative 
d/dt suggests to follow it as it is advected by the main flow at velocity . During its movement, 
the radius of this cut of "cylindrical" bubble changes according to equation (6.4). Like for a 
spherical bubble, the driving term for the change in radius is the pressure difference between the 
pressure at infinity and the internal pressure. As shown by equation (6.4), the dynamics of any 
cross section of the cavity depends only upon this pressure difference and, in particular, it does 

V



not depend upon the neighboring cross sections. This result is known as the Logvinovich inde-
pendence principle of cavity expansion. 

It can be considered that, at any time, a new section of cavity is shed by the cavitator basis. It 
is advected downstream at velocity  whereas its radius evolves according to the pressure dif-
ference . The instantaneous shape of the whole cavity is obtained by stacking all sections 
side by side.  

V

cpp

The initial conditions to be added for the resolution of partial differential equation (6.4) are 
related to the instant when the considered section of the cavity separates from the cavitator basis. 
Its initial radius R is then the radius of the cavitator basis whereas the initial value of  is related 
to the slope of the cavitator trailing edge. It must be such that continuity of slope is achieved at 
any time between the cavitator and the cavity at detachment, resulting then in a smooth detach-
ment. 

R

The resolution of partial differential equation (6.1) allows the computation of the shape of the 
supercavity and its time evolution if the flow is unsteady. As an example, consider the simple 
case of a steady supercavity flow for which d/dt reduces to . Equation (6.1) becomes 
then: 

dx/dV
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The solution to this equation is obviously: 
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where  is the radius of the cavitator basis at x=0 and  its slope  at x=0. The origin 
x=0 is chosen at the cavitator basis. For the asymptotic case considered here of a long supercavity 
at small cavitation number, the radius of the cavity is much larger than the radius  of the cavi-
tator, so that the last term on the right hand side can be neglected and the shape of the cavity is 
then given approximately by: 
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This equation shows that the cavity can be approximated by an ellipsoid. The cavity length 
, which corresponds to the downstream point where R equals 0, is then given by: 
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The maximum radius  of the cavity is obtained at cR 2/x  and is: 
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(6.9) 

so that cavity slenderness /R2 c  is: 

2
(6.10) 



When the cavitation number approaches 0, the  parameter tends to infinity according to 
asymptotic behavior 6.3. The length and maximum radius of the cavity both tend to infinity but 
the cavity slenderness tends to zero according to the following asymptotic behavior: 

)/1(ln
(6.11) 

Previous equations (6.8) and (6.9) are more often written using the drag coefficient  in-
stead of . The drag can be computed from a global momentum balance. It is given by (see e.g. 
Franc & Michel, (2004)): 
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so that the drag coefficient is: 
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Replacing  by  in equations (6.8) and (6.9), the following equations for the length and 
radius of the axisymmetric supercavity are obtained: 
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These equations are well known asymptotic formulae which were originally derived by Ga-
rabedian in 1956 (see Franc & Michel, (2004)) on the basis of a rather complicated mathematical 
approach. The method presented here and based on equation (6.1) is quite simple. However, to be 
fully predictive, the method requires to model the  parameter which is unknown a priori. This 
is done via equation (6.3) for instance which gives the asymptotic behavior of  when  ap-
proaches zero. In practice, equation (6.3) was obtained by adjusting the value of  in order to get 
the correct value of the cavity slenderness as given by the Garabedian solution. It is then quite 
normal that equations (6.14) be in agreement with the Garabedian model. Other procedures of 
adjustment of the  parameter could however be used, by comparison with tests for instance. 

In conclusion, it appears that axisymmetric supercavity flows can be modelled by an equa-
tion very similar to the Rayleigh equation, providing some simplifying assumptions. It is also the 
case for 2D supercavity flows (see Pellone et al. (2004)). One of the advantages of such a method 
is to provide a rather simple basis for the modeling of supercavity flows, especially in unsteady 
cases which are not so easy to handle. The adjustment of  obtained from steady considerations 
is generally kept for unsteady supercavity flows. In particular, this method proved to be quite 
efficient for the analysis of pulsating ventilated cavities (see Franc & Michel, (2004)). 

7 Cavitation erosion 

It is well known that cavitation can lead to erosion. Figure 21 presents a typical example of a 
component of a volumetric pump eroded by cavitation. For low exposure times, the damage re-


