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Preface

This issue of Advances in Mathematical Economics is a collection of pa-
pers presented at the Third International Conference on Mathematical Anal-
ysis in Economic Theory, which was held in Tokyo during December 20-22,
2004. The conference was organized and sponsored by the Research Center for
Mathematical Economics. On behalf of the organization committee of the con-
ference, we would like to extend our cordial gratitude to the Keio Economic
Society, the Keio University 21st Century COE Program (Integrative Mathe-
matical Sciences), and the Oak Society for their generous financial support,
without which the conference could not have been realized. And of course, it
is a great pleasure for us to express our warmest thanks to all the participants
of the conference for their contributions to our project.

We can safely say that mathematical reasoning plays a much more central
role in economic theory than in any other discipline of the social sciences.
There seem to be several reasons that have endowed economic theory with a
peculiar mathematical character.

First many economic phenomena permit expressions in terms of quanti-
tative languages. We also have to take into account the fact that an economy
consists of a huge number of sectors that are entangled in a complex man-
ner. Economic phenomena result from the interactions of these interdependent
component sectors. Their mutual relations are so complicated that ordinary lan-
guage and a casual way of thinking have only very limited abilities to describe
and analyze economic phenomena. It is quite easy for anyone to imagine the
serious confusion that would result if we had recourse exclusively to ordinary
languages and casual reasoning. Although mathematical reasoning may some-
times seem too roundabout for our purposes, it certainly provides economists
with simple and efficient analytical weapons.

Furthermore, economists have been suffering from the difficulty of con-
trolled experiments in their research. That is exactly why much importance has
been attached to rigorous speculative experiments in economic theory.

We will be very pleased if our conference can contribute to widening and
deepening the mathematical foundations in economic theory.

Eight years have passed since the Research Center for Mathematical Eco-
nomics was founded in 1997 on the occasion of the Second International Con-
ference of the same title. As Professor T. Ichiishi (Director of the Research



vi

Center in 2004) wrote in the program leaflet last year, we “will host more in-
ternational conferences in the future” and we “look forward to seeing you all
again at these upcoming occasions”.

October 30, 2005

Shigeo Kusuoka, Akira Yamazaki
Managing Editors, Advances in Mathematical Economics

Toru Maruyama
General Manager, The Third International Conference
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Abstract. We consider the model of a stochastic financial exchange economy with
finitely many periods. Time and uncertainty are represented by a finite event-tree I
and consumers may have constraints on their portfolios. We provide a general existence
result of financial equilibria, which allows to cover several important cases of financial
structures in the literature with or without constraints on portfolios.

Key words: Incomplete markets, financial equilibria, constrained portfolios, multi-
period model

1. Introduction

The main purpose of general equilibrium theory with incomplete markets is to
study the interactions between the financial structure of the economy and the
commodity structure, in a world in which time and uncertainty play a funda-
mental role. The first pioneering multiperiod model is due to Debreu ([10]),
who introduced the idea of an event-tree of finite length, in order to repre-
sent time and uncertainty in a stochastic economy. Later, Magill and Schafer
{[24]) extended the analysis of multi-period models, describing economies
in which financial equilibria coincide with contingent market equilibria. The
multi-period model was also explored, among others, by Duffie and Schafer
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([12]), who proved a result of generic existence of equilibria, a detailed pre-
sentation of which is provided in Magill and Quinzii ([23]).

The multi-period model has been also extensively studied in the simple
two-date model (one period T' = 1): see, among others, [3, 26, 6], for the case
of a finite set of states and [27, 28, 1, 30] for the case of a continuum of states.
The two-date model, however, is not sufficient to capture the time evolution of
realistic models. In this sense, the multiperiod model is much more flexible,
and is also a necessary intermediate step before studying the infinite horizon
setting (see [21, 22]). Moreover, multi-period models may provide a framework
for phenomena which do not occur in a simple two-date model. For instance,
in [4], Bonnisseau and Lachiri describe a three-date economy with production
in which, essentially, the second welfare theorem does not hold, while it always
holds in the two-date case. As a further example, we may recall that the suitable
setting to study the effect of incompleteness of markets on price volatility is
a three-date model, in the way addressed in [7].

In the model we consider, time and uncertainty are represented by an event-
tree with T periods and finitely many nodes (date-events) at each date. At each
node, there is a spot market where a finite set of commodities is available.
Moreover, transfers of value among nodes and dates are made possible via
a financial structure, namely finitely many financial assets available at each
node of the event-tree. Our equilibrium notion encompasses the case in which
retrading of financial assets is allowed at every node (see [23]) and we allow
the case of restricted participation, namely the case in which agents’ portfolio
sets may be constrained.

This paper focuses on the existence of financial equilibria in a stochastic
economy with general financial assets and possible constraints on portfolios.
The existence problem with incomplete markets was studied, in the case of
two-date models, by Cass ([5]) and Werner ([34, 35]), for nominal financial
structures, Duffie ([11]) for purely financial securities under general conditions,
Geanakoplos and Polemarchakis ([18]) in the case of numéraire assets. The
existence of a financial equilibrinm was proved by Bich and Cornet ([3]) when
agents may have nontransitive preferences in the case of a two-date economy.
In the case of T-period economies, we also mention the work by Duffie and
Schafer ([13]) and by Florenzano and Gourdel ([15]); more recently, Da Rocha
and Triki have studied a general intertemporal model in the case of purely
financial securities ([25]). Other existence results in the infinite horizon models
can be found in [20, 29, 16].
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2. The T'-period financial exchange economy

2.1 Time and uncertainty in a multi-period model

We'consider a multi-period exchange economy with (7 + 1) dates, t € 7 :=
{0,...,T}, and a finite set of agents I. The stochastic structure of the model
is described by a finite event-tree D of length 7" and we shall essentially use
the same notations as [23] (we refer to [23] for an equivalent presentation with
information partitions). The set ID; denotes the nodes (also called date-events)
that could occur at date ¢ and the family (D;):c7 defines a partition of the set
D; we denote by t(£) the unique ¢ € 7 such that £ € ;.

At each date ¢ # T, there is an a priori uncertainty about which node will
prevail in the next date. There is a unique non-stochastic event occurring at
date ¢ = 0, which is denoted &g, (or simply 0) so Dy = {&o}. Finally, the
event-tree I is endowed with a predecessor mapping pr: D\ {§{} — D
which satisfies pr(D;) = D;..1, for every ¢t # 0. The element pr(£) is called
the immediate predecessor of € and is also denoted £ . For each £ € I, we let
¢t = {£ €D : ¢ = £} be the set of immediate successors of £; we notice
that the set £+ is nonempty if and only if £ € D \ Dr.

Moreover, for 7 € T\ {0} and £ € D\ U;_Ol D, we define, by induction,
pr7(€) = pr(pr 1(£)) and we let the set of (not necessarily immediate)
successors and the set of predecessors of £ be respectively defined by

D) ={¢ eD: IreT\{0}[£=pr" (£},
D7) ={¢'eD: IreT\{0} | & = pr'(§)}.

If & € DF(€) [resp. & € DT(€) U {£}], we shall also use the notation £’ > ¢
[resp. & > £]. We notice that Dt (£) is nonempty if and only if £ ¢ Dy and
D~ (&) is nonempty if and only if &€ # &. Moreover, one has ¢’ € D*(£) if and
only if £ € D™ (¢’) (and similarly ¢’ € €% if and only if £ = (¢')7).

! In this paper, we shall use the following notations. A (ID x J)-matrix A is an el-
ement of RP*, with entries (a(, j))eep,jes; we denote by A(€) € R’ the &-th
row of A and by A(j) € R® the j-th column of A. We recall that the transpose
of Ais the unique (J x D)-matrix * A satisfying (Az) epy = z e, (*Ay), for every
z € R, y € RP, where oy {resp. o ;] denotes the usual scalar product in RP [resp.
R71. We shall denote by rank A the rank of the matrix A. For every subsets DcD
and J C J, the (D x J)-sub-matrix of A is the (D x J' )-matrix A with entries
a(&,7) = a(€,j) for every (¢,7) € D x J. Let z, y be in R™; we shall use the
notation z > y (resp. z >> y) if xp > yp (resp. zp > yn) foreveryh =1,...,n
andwelet R} ={x ¢ R": £ >0}, R}, = {z € R" : z>> 0}. We shall also
use the notation > y if x > y and x # y. We shall denote by || - || the Euclidean
norm in the different Euclidean spaces used in this paper and the closed ball cen-
tered at z € R of radius 7 > Ois denoted By (z,7) := {y € RY : |y —z| < r}.
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2.2 The stochastic exchange economy

At each node £ € D, there is a spot market where a finite set H of divisible
physical commodities is available. We assume that each commodity does not
last for more than one period. In this model, a commodity is a couple (k, ) of
a physical commodity ~ € H and anode £ € I at which it will be available, so
the commodity space is R, where L = H x D. An element z in R is called
a consumption, that is z = (z(£))¢ep € RY, where 2(€) = (z(h,&))nen €
RH, for every ¢ € D.

We denote by p = (p(€))eep € RL the vector of spot prices and p(£) =
(p(h,€))ner € R is called the spot price at node &. The spot price p(h, £)
is the price paid, at date £(£), for the delivery of one unit of commodity h at
node £. Thus the value of the consumption z(£) at node £ € D (evaluated in
unit of account of node &) is

p(&) o x() = Y p(h, )z (h, €).

heH

There is a finite set I of consumers and each consumer i € I is endowed with
a consumption set X* C R which is the set of her possible consumptions. An
allocation is an element z € [],.; X*, and we denote by ' the consumption
of agent ¢, that is the projection of = onto X*.

The tastes of each consumer i € I are represented by a strict preference cor-
respondence P*: [];c; X7 — X", where P*(z) defines the set of consump-
tions that are strictly preferred by 7 to ¢, that is, given the consumptions z/
for the other consumers j # 4. Thus P* represents the tastes of consumer 7 but
also her behavior under time and uncertainty, in particular her impatience and
her attitude towards risk. If consumers’ preferences are represented by utility
functions u’: X® — R, for every i € I, the strict preference correspondence
is defined by Pi(z) = {Z* € X' | u*(Z%) > u'(z?)}.

Finally, at each node £ € D, every consumer ¢ € I has a node-endowment
e'(¢) € R¥ (contingent to the fact that £ prevails) and we denote by e* =
(€(€))eep € RE her endowment vector across the different nodes. The ex-
change economy £ can thus be summarized by

&= [DaH1[7 (Xiapi»ei)ief]-

2.3 The financial structure

We consider finitely many financial assets and we denote by J the set of assets.
An asset j € J is a contract, which is issued at a given and unique node in D,
denoted by £(j) and called the emission node of j. Each asset j is bought
(or sold) at its emission node £(j) and only yields payoffs at the successor



Existence of financial equilibria in a multi-period stochastic economy 5

nodes &’ of £(j), that is, for £ > £(j). To allow for real assets, we let the
payoff depend upon the spot price vector p € RZ and we denote by v(p, £, 5)
the payoff of asset j at node £. For the sake of convenient notations, we shall
in fact consider the payoff of asset j at every node ¢ € DD and assume that it
is zero if £ is not a successor of the emission node (). Formally, we assume
that v(p, &, 7) = 0if € ¢ D+ (£(5)). With the above convention, we notice that
every asset has a zero payoff at the initial node, that is v(p, £, j) = 0 for every
j € J; furthermore, every asset j which is emitted at the terminal date has
a zero payoff, that is, if £(j) € Dr, v(p, &, j) = 0 forevery £ € D.

For every consumer ¢ € I, if 25 > 0 [resp. 2} < 0], then |2%| will denote
the quantity of asset j € J bought [resp. sold] by agent ¢ at the emission node

£(j)- The vector 2* = (z ) jes € RY is called the portfolio of agent 5.

We assume that each consumer i € I is endowed with a portfolio set Z* C
R, which represents the set of portfolios that are admissible for agent 3. This
general framework allows us to treat, for example, the following important
cases:

— Z* = R’ (unconstrained portfolios);

~Z' C 2 + R, for some 2 € —RJ (exogenous bounds on short sales);

- 7' = By(0,1) (bounded portfolios).

The price of asset j is denoted by ¢; and we recall that it is paid at its
emission node £(5). We let ¢ = (g;)jes € RY be the asset price (vector).

Definition 2.1. A financial asset structure F = (J, (Z%)ic1, (€(5)) e, V) con-
sists of

— a set of assets J,

— a collection of portfolio sets Z' C R’ for every agent i € I,

—a node of issue £(j) € D for each asset j € J,

— a payoff mapping V: RY — (R}’ which associates, to every spot price
p € RE the (D x J)-payoff matrix V(p) = (v(p,€,7))¢eep,jes. and satisfies

the condition v(p, &, 7) = 0 if € ¢ DV(£(H)).
The full matrix of payoffs Wx(p, q) is the (D x J)-matrix with entries

’LU]-'(p, q)(f;]) = U(p7€7j) - 6E,£(j)qj7
where ¢ ¢ = 1if £ = &' and §¢ ¢+ = O otherwise.

So, for a given portfolio z € R” (and given prices (p, ¢)) the full flow of
returns is Wx(p, g)z and the (full) financial return at node £ is

Wr(p,@)2l(€) := Wr(p,0,&) o5 2= D _v(p,&, )25 — Y Oe.e(1) 8%

jeJ jeJ

- Z v(pagaj)zj - Z qijzj,

{7et 1 &)<} {5eJ 1 €()=¢}
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and we shall extensively use the fact that, for A € RP, and j € J, one has:

2.1) [Wr(p, A G) = D MED,E,5) — D ME¢.e0s)

€D £ep
= Y MO, £ 5) — MEG))gs-
£>£(4)

In the following, when the financial structure F remains fixed, while only
prices vary, we shall simply denote by W(p, q) the full matrix of returns. In
the case of unconstrained portfolios, namely Z* = R, for every i € I, the
financial asset structure will be simply denoted by F = (J, (£(j)) e, V).

2.4 Financial equilibria

2.4.1 Financial equilibria without retrading

We now consider a financial exchange economy, which is defined as the
couple of an exchange economy £ and a financial structure F. It can thus be
summarized by

(87-7:) = [D’ H,1, (Xiv Piv ei)iEU J, (Zi)iEIa (§(j))jeJ, V] .
Given the price (p,q) € RY x R, the budget set of consumer i € I is?
Bi(p,q) = {(z*, ") € X' x Z*:
VEED, p(€)en [z4(E) — €'(€)] < Wr(p,9)2'1(€)}
={(@2) e X' x Z": pO(a’ - €') < Wr(p,q)7'}.
We now introduce the equilibrium notion.
Definition 2.2. An equilibrium of the financial exchange economy (€, F) is
a list of strategies and prices (%, %,5,3) € (RL)! x (R7)! x RE\ {0} x R/
such that
(a) for every i € I, (&*,2') maximizes the preferences P* in the budget set
B%(D, q), in the sense that
(7%, 7') € B=(p,§) and [P'(Z) x Z°|N B&(5,9) = 0;

(b) .z = ¢etand 5 7 =0.

i€l i€l i€l

In the Appendix we will show that the above definition is more general
than the usual concept widely used in the literature (see for example Magill-
Quinzii [23]). In particular, if we additionally assume that every asset of the

financial structure F can be retraded at each node, the previous equilibrium
notion coincides with the standard concept.

#Forz = (2(£))een, p = (p(€))¢en in R = RT*P (with z(€), p(€) in R) we
letp Oz = (p(§) on 2(€))cen € R®.
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2.4.2 No-arbitrage and financial equilibria

When portfolios may be constrained, the concept of no-arbitrage has to
be suitably modified. In particular, we shall make a distinction between the
definitions of arbitrage-free portfolio and arbitrage-free financial structure.

Definition 2.3. Given the financial structure F = (J,(Z")ie1, (£(5))jes, V),
the portfolio z* € Z¢ is said to have no arbitrage opportunities or to
be arbitrage-free for agent i € I at the price (p,q) € Rl x R7 if there
is no portfolio 2* € Z' such that Wx(p,q)zt > Wx(p,q)Z, that is,
(Wx(p, q)2°|(€) > [Wx(p,q)z"(€), for every & € D, with at least one strict
inequality, or, equivalently, if

Wx(p,q) (2" - 2) NRY = {0}.

The financial structure F is said to be arbitrage-free at (p, q) if there exists
no portfolios 2* € Z* (i € I) such that Wr(p,q)(}_;c; 2*) > 0, or; equiva-

lently, if:
q) (Z Zi> NR? = {0}.
iel

Let the financial structure F be arbitrage-free at (p, q), and let ¢ € Z g
(¢ € I) such that Zie] #¢ = (, then it is easy to see that, for everyi € I,z is
arbitrage-free at (p, ¢). The converse is true, for example, when some agent’s
portfolio set is unconstrained, that is, when Z i = RY for some i € I.

We recall that equilibrium portfolios are arbitrage-free under the following
Non-Satiation Assumption:

Assumption NS (i) Forevery T € [[,c; X*suchthat 3, Z' =37, €,
(Non-Satiation at Every Node) for every £ € D, there exists ¢ € [Lic; X
such that, for each &’ # ¢, z¢(¢') = 7'(¢') and x° € P*(T);
(ii) if z* € P*(z), then [z, 7] C P'(Z).

Proposition 2.1. Under (NS), if (Z,2,D,q) is an equilibrium of the economy
(E,F), then z* is arbitrage-free at (D, q) for every i € I.

Proof. By contradiction. If, for some i € 1, the portfolio z* is not arbitrage-
free at (P, §), then there exists z* € Z° such that Wx(p, 3)2* > Wx(p, )z,
namely [Wx(p, §)2°](€) > [Wx (5, 3)Z|(€), for every £ € D, with at least one
strict inequality, say for £ € D.

Since ., (" — €') = 0, from Assumption (NS.i), there exists z €
[Lie; X* such that, for each £ # &, 2*(£) = z*(€) and * € P*(Z). Let us
consider A € 10, 1[ and define z := Az’ 4 (1 — A\)Z’; then, by Assumption
(NS.ii), 28 € |z*, 7] C Pi(2).

In the following, we prove that, for A > 0 small enough, (mA,z )
B(p, @), which will contradict the fact that [P*(z) x Z‘] N Bi-(p,q) =
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every & 7é § we have:

B(E) o [85.(€) — €(6)] = B(€) om [7°() — €' (8)]
< Wr(B,97)(€) < W, 9)2'](€)-

Now, for & = £, we have

P(E) oy [T'(€) — ()] < Wx(B, DZ)(€) < [Wx(B, D)Z'|(€).
But, when A — 0, xf\ — Z*, hence for A > 0 small enough we have
(&) e [23(6) — €'(9)] < (W (5, 9)2"](£)-
Consequently, (z%,2%) € B%(p, 7). a

2.4.3 A characterization of no-arbitrage with constrained portfolio sets
When the portfolios sets may be constrained, the following theorem extends
the standard characterization result of no-arbitrage in terms of state prices.

Theorem 2.1. Let F = (J,(Z%)ier, (£(4))jes, V), let (p,q) € RF x RY,
fori € I, let 2t € Z%, assume that Z* is convex and consider the following
Statements.

(i) there exists \' = (AY(€))eep € R such that 'tWx(p, @) A* € Nz (2%),
or, equivalently, there exists 1) € Nyi(2*) such that:

N(EG) g = Y N(Ev(p,&5) —ny forevery j € J;
§>€(7)

(ii) the portfolio 2° is arbitrage-free for agent i € I at (p, q).
The implication [(i) = (ii)] qlways holds and the converse is true under the
additional assumption that Z* is a polyhedral set*.

The above Theorem 2.1 is a consequence of Theorem 5.1, stated and proved
in the Appendix, the main part (i.e., the existence of positive node prices A*(¢))
being due to Koopmans [19].

3 We recall that Ni(z%) is the normal cone to Z° at 2*, which is defined as
Nzi(z):={neR’ : neszt >ne; (2), ¥(2') € Z}.

4 A subset C' C R™ is said to be polyhedral if it is the intersection of finitely many
closed half-spaces, namely C = {z € R® : Az < b}, where A is areal (m X n)-
matrix, and b € R™. Note that polyhedral sets are always closed and convex and
that the empty set and the whole space R™ are both polyhedral.
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3. Existence of equilibria

3.1 The main existence result

Our main existence result allows agents to have constrained portfolios, that
is, we do not assume that Z* = R”. We shall allow the financial structure
to be general enough to cover important cases such as bounded assets (as in
Radner [32]) and nominal assets; our approach however does not cover the
general case of real assets which needs a different and specific treatment. Let
us consider the financial economy

(57]:) = [Dv H, I’ (Xl7 Piv ei)iel; Ja (Zi)ieb (g(j))jGJ: V] .
We introduce the following assumptions:
Assumption (C) (Consumption Side) Foralli € I andall & € Hi‘E 1 X 3

(i) X is a closed and convex subset of R%;

(ii) the preference correspondence P*, from [],.; X* to X', is lower semicon-
tinuous® and P*(Z) is convex;

(iii) for every * € PY(Z) for every (z')! € X%, (a')t # =%, [(z')}, 7N
Pi(Z) # 0

(iv) (Irreflexivity) ¢ ¢ P(Z);

(v) (Non-Satiation of Preferences at Every Node) if 3, =3 €, for
every £ € D there exists x € [];c; X* such that, for each §' # &,
z'(¢') = z4(¢') and = € P(Z);

(vi) (Strong Survival Assumption) €' € int X*.

Assumption (F) (Financial Side)

(i) The application p — V (p) is continuous;
(ii) for everyi € I, Z* is a closed, convex subset of RY containing 0;
(iii) there exists ig € I such that 0 € int Z*°.

We now state the last assumption for which we need to define the set of
admissible consumptions and portfolios for a fixed A € RE s that is,

B i={(2,2) € [lies X' x [Lies 2° 3(p,a) € BL(0,1) x R,
'We(p, @)X € B5(0,1), (2, 2") € Bi(p,q) foreveryi € I,
Yier® = ier € Dier#t = 0}'

5 A correspondence ¢: X — Y is said to be lower semicontinuous at zo € X if,
for every open set V' C Y such that V N p(zo) is not empty, there exists a neigh-
borhood U of zp in X such that, for all z € U, V N ¢(z) is nonempty. The
correspondence ¢ is said to be lower semicontinuous if it is lower semicontinuous
at each point of X.

5 This is satisfied, in particular, when P*() is open in X* (for its relative topology).
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Boundedness Assumption (B)) The set B(\) is bounded.

In the next section Assumption (B)) will be discussed and we will give
different important cases in which it is satisfied.

Theorem 3.1. (a) Let (8,}') be a financial economy satisfying Assump-
tions (C), (F), let A € IR 1y satisfying (B)), and let ig € I be some agent
such that 0 € int Z*. Then there exists an equilibrium (Z,2,D,q) of (£,F)
such that, for every £ € D, p(€) # 0 and

'Wr(p, @)\ € Ngio (2°),
or, equivalently, there exists 7j € N zio (2%°) such that
= > NOv(B,€,4) - forevery j€ J.
£>¢(5)
(b) If moreover 7% € int Z*, then *Wx(p,d)\ = 0, or, equivalently,
MEGNG = Y, ME(B,&, J) forevery j € J,
£>£(7)
hence the financial structure F is arbitrage-free at (D, q).

The proof of Theorem 3.1 will be given in the following section. From Theo-
rem 3.1 we deduce directly the standard existence result in the case of uncon-
strained portfolios.

Corollary 3.1. [Unconstrained portfolio case] Let (£, F) be a financial econ-
omy and let A € IRB 4+ be such that Assumptions (C), (F) and (B,) hold and
Z' = R’ for some i € I. Then (€, F) admits an equilibrium (Z,2,p,q) €
[Tic; Xt x IL;c; Z° x RE x R such that, for every € € D, p(€) # 0 and

W(ﬁa q_))‘ =0,

or, equivalently,

MEGNT = D MEW(P,E,5) forevery j € J.
£>£(5)

3.2 Existence for various financial models

We first state a proposition giving sufficient conditions for Assumption (B))
to hold. We recall that an asset 7 is said to be short-lived, when the payoffs are
paid only at the immediate successors of its emission node, that is, formally,
for every spot price p € RE, v(p,£,5) = 0if &€ ¢ £(5)*. An asset is said to be
long-lived if it is not short-lived. A financial structure is said to be short-lived
if all its assets are short-lived; it is said to be long-lived if it is not short-lived.
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Proposition 3.1. Let A € RR + be fixed and assume that, for everyi € I, X' is
bounded from below. Then Assumption (B)) is satisfied if one of the following
conditions holds:

(i) [Bounded Below Portfolios] for every i € I, the portfolio set Z is bounded
Jfrom below, namely there exists z2* € —R such that Z* C z* + RY;

(ii) [Rank Condition for Long-Lived Assets] for every (p,q,n) € Br(0,1) x
R’ x Bj(0,1) such that *W (p, g)\ = n, then rank W (p,q) = #J.

(iii) [Rank Condition for Short-Lived Assets] F consists only of short-lived
assets and rank V (p) = #J for every p € RE.

The proof of Proposition 3.1 is given in the Appendix.

We now deduce from Proposition 3.1 and the main existence Theorem 3.1,
the following existence result of equilibria in the case of bounded portfolios
due to Radner [32].

Corollary 3.2. [Bounded from below portfolio sets] Let (€,F) and A € R? +
satisfy Assumptions (C), (F) and assume that, for every i € I, X* is bounded
from below and Z' C z2* + RJ o where 2t € ]RJ Then there exists an
equilibrium (%,2,9,q) € [I,c; X" X [Lie; Z2° RL x R7 of (€, F), such
that, for every £ € D, p(§) # 0 and

‘W (p,q)A < 0and the equality holds for each component j such that 2; > g;'-,

or, equivalently,

forevery j € J, NEGNT = Y MEv(B,£,5), with equality if 7 > 1.
£>£(4)

We end this section with the case of short-lived assets, which is a natural
generalization of the classical two-date model (I' = 1) that has been exten-
sively studied in the literature due to its simple tractability (see the Appendix
for several important properties of the two-date model that are still valid in the
case of short-lived financial structures).

Corollary 3.3. [Short-lived nominal assets] Let us assume that the economy
(€, F) satisfies Assumption (C), X* is bounded from below, for every i € I,
F consists of nominal short-lived assets and assume that one of the following
conditions holds:

(i) [unconstrained case] Z¢ = R’ foreveryi € I;

(ii) [constrained case] Z* is a closed and convex subset of R” containing 0;
0 € int Z% for some iy € I; rankV = fJ.

Forevery A € RY ., (€, F) admits an equilibrium (Z, %,p,q) € [];c; X' x
[Tics Z* x RE x R such that, for every ¢ € D, p(€) # 0 and § is the no-
arbitrage price associated to A, that is
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W (@)X € Nyio(20)  (resp. "W (q)A = 0, under (i),

or, equivalently, there exists 7] € Nzio(2%°) (resp. fj = 0, under (i)) such that

MEGNT = > MEW(E,5) — 7 forevery j € J.
£eg(h)t

Proof. Let r := rank V. We can define a new financial structure F’ with
r nominal assets by eliminating the redundant assets. Formally, we let J' C J
be the set of r assets such that the columns (V(j));e s are independent and
V'’ the associated return matrix. The new financial structure is

Fi= (T, (&(4))jes, V')

Then rank Wx: (q) = since, by Proposition 5.2, r = rank V' < rank Wx/(q)
(< min{r, D}). Consequently, by Proposition 3.1, the set B(\) is bounded.
From the existence theorem (Corollary 3.1), forevery A € RR + there exists

an equilibrium (Z, 2/, 5, ¢') of (€, F') (where ¢ € R’ and 2’ € (R”’)7) such
that *Wx (¢’ )\ = 0 or, equivalently,

MEGNgG = D AE £(3),

e+

(€,F), by deﬁnmg g € R7 as "W (g)A = 0, that i is
MeONT = Y MEMWE,E()),
geet

foreveryj € J,and 2 € RV as 2% = 2, if j € J',and 2 = 0,if j € J\ J'.
a

4. Proof of the main result

4.1 Proof under additional assumptions

In this section, we shall prove Theorem 3.1 under the additional assumption
Assumption (K) For everyi € I,

(i) X' and Z* are compact;
(ii) [Local Non-Satiation] for every & € [],c; X, for every z* € P'(z)
then [2%, 7| C P(z).
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4.1.1 Preliminary definitions
In the following we fix some agent g, say i9 = 1, for whom the assumption
0 € int Z™ is satisfied and we fix A = (A\(§))eep € R} . We recall that for
(p,n) € RE x RY, the vector ¢ = g(p,n) € R’ is uniquely defined by the
equation

th(pa q))‘ —-n= 07

which, from Theorem 2.1, is equivalent to saying that

1 . .
4@ = 5 5§U)A(§)U(p’§’]) —n; | forevery j € J,

and, from Assumption (F), the mapping (p,n) — q(p,n) is continuous. For
(p,n)inthe set B := {(p,n) € RExR7 : |A0p|| <1, ||n]| < 1}, we define

p(p,n) = max{0,1 — AT p|| — [|nl}.

Following the so-called Cass’ trick, hereafter, we shall distinguish Con-
sumer 1 from the other agents, and we shall extend the budget sets as in
Bergstrom ([2]). In the following, we let 1 = (1,...,1) denote the element
in RP, whose coordinates are all equal to one. For (p,n) € B, we define the
following augmented budget sets: first, for ¢ = 1,

84(p,m) ={l‘1 €X': (AOp)er (z' —€') < sup nesz+p(p, n)ZA(i)},
z€Z? €D

o (p,7) ={w1 €X': (AOp)er (z' —e') < sup nesz+p(p, n)Z/\(ﬁ)},
zeZ?1 £ch

and for{ # 1

Bip,m={(z',2") e X* x Z*: pO (" — &') <Wx(p, g(p, m)) 2"+ p(p, M1},
o' (p,n)={(z",2") € X’ x Z* :p0 (z* ~ €') < Wx(p, q(p,n))7* + p(p,n)1}.

We now define the following enlarged set of agents denoted I, by considering
all the agents in ¢ € I\ {1}, by counting twice the agent 1, denoted by ¢ = (1,1)
and 7 = (1, 2) and by considering an additional agent denoted i = 0. The addi-
tional and fictitious agent ¢ = 0 is traditional and will fix the equilibrium prices
(P, @) and the agent i = 1 has been disaggregated so that 7 = (1,1) will fix the
equilibrium consumption Z! and i = (1, 2) will fix the equilibrium portfolio z*
(which thus can be chosen by two independent maximization problems). For
(z,2,(p,m) € [Lies X* x Il;e; Z* x B, we define the correspondences &
for i € I as follows:
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@%(z, 2, (p,n))

= {<p', n)eB | [A(é)(p’(é) —p(€))or Y _(z'(€) - ei<§>)]
£ehd el
—(—mes Y 2> 0},
el

1,1 _ lBl(p’ ) if x1¢61(p7,’7)7
T s ) = { p.m) N Pia) if o' € B (p,m),

V% (z,2,p,n) = {" € Z* |nes2t >neyzt},
and foreveryi € I, # 1

{(ei’o)} if (xi’zi) ¢ ﬂi(p, 77) and ai(p’ 77) = 0’
®'(z,2,(p,n) = B(p,n)  if (2%,2%) ¢ B'(p,n) and a'(p,n) #90,
at(p,m) N (P z) x Z%)  if (2%,2%) € B(p, )

4.1.2 The fixed-point argument
The existence proof relies on the following fixed-point-type theorem due to
Gale and Mas Colell ([17]).

Theorem 4.1. Let Iy be a finite set, let C* (i € Iy) be a ‘nonempty, compact,
convex subset of some Euclidean space, let C = [],., C* and let ®* (i € Iy)
be a correspondence from C to C*, which is lower semicontinuous and convex-
valued. Then, there exists € € C such that, for every i € I [either &' € ®*()
or ®¢(e) = 0].

We now show that, for ¢ € Io, the sets C° = B, Cht = X, 12 = 71,
C* = X* x Z" and the above defined correspondences ®* (i € Ij) satisfy the
assumptions of Theorem 4.1.

Claim 4.1. Foreveryc:= (%,2,(5,7)) € [I;c; X" X [L;e; Z* % B, for every
i € Iy, the correspondence <I" is lower semicontinuous at ¢, the set ®'(c)
is convex (possibly empty) and (p,7) ¢ ®°(C), z' ¢ ®11(c), 2! ¢ ®12(e),
(2%, 2%) ¢ ®4(e) fori > 1.

Proof. Leté = (Z,%,(p,7)) € HzEIXl X [Tier Z* x B be given. We first
notice that ®*(¢) is convex for every i € Iy, recallmg that P¥(Z) is convex, by
Assumption (C). Clearly, (p,7) ¢ ®°(¢) and z! ¢ ®12(¢) from the definition
of these two sets; the two last properties ' ¢ ®!(¢) and (7',7) ¢ ()
follow from the definitions of these sets and the fact that 7 ¢ P*(Z) from
Assumption (C).

We now show that ®* is lower semicontinuous at Z.
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Step 1: i € I, i > 1. Let U be an open subset of X* x Z* such that
i e)NU 7& 0. We will distinguish three cases:
Case (i): (z%,7') ¢ B°(p,7) and o*(p,7) = 0. Then ®i(e) = {(et,0)} C U.
Since the set {(xi, 2, (p,m) | (x¢, zi) ¢ B(p,m)} is an open subset of X* x
Z%x B (by Assumptions (C) and (F)), it contains an open neighborhood O of Z.
Now, let ¢ = (z, z,(p,n)) € O.If o*(p,n) = @ then ®(c) = {(e},0)} C U
and so ®(c) N U is nonempty. If o*(p,n) # O then ®(c) = B(p, 7). But
Assumptions (C) and (F) imply that (e?,0) € X* x Z¢, hence (¢?,0) € 5 (p,n)
(noticing that p(p, ¢) > 0). So { (e, 0)} C di(c)NU which is also nonempty.
Case (ii): ¢ = (%',2%,(p,n)) € QU := {c = (z%,2% (p,n)) : (%, 2%) ¢
Bi(p,n) and o*(p, ) 76 0} Then the set Q) is clearly open and on the set Q*
one has ®*(c) = (*(p, 7). We recall that § # &'(e) NU = §*(p,7) NU. We
notice that §°(p,7) = cla(p, 7)) since a*(p, 77) # 0. Consequently, &’ (B, 77) N
U # 0 and we choose a point (z%,2%) € o(p,n) N U, that is, (z¢,2¢) €
[X!x Z]NU and

PO (2 —€') < W (B,a(5,7)2" + p(B, M1

Clearly the above inequality is also satisfied for the same point point (x¢, 2*)
when (p,7n) belongs to a neighborhood O of (,7) small enough (using the
continuity of g(-, -) and p(-, -)). This shows that on O one has § # o*(p,n) N
UcB(p,nNnU=&(c)NU.

Case (iii): (%%, 2') € B*(p, 7). By assumption we have

0 #®(e)NU =o' (p,q) N[P(Z) x Z|NU.

By an argument similar to what is done above, one shows that there exists
an open neighborhood N of (f, ) and an open set M such that, for every
(p,m) € N,onehas ) # M C o(p,n) NU. Since P is lower semicontinuous
at T (by Assumption (C)), there exists an open neighborhood €2 of Z such that,
forevery z € Q, 0 # [P*(z) x Z] N M, hence

0 # [P'(z) x Z' ] Na(p,n) NU C B(p,n)NU, forevery z € Q.

Consequently, from the definition of ®¢, we get @ # ®¢(c)NU, forevery c € Q.

The correspondence ¥¢ := o N (P! x Z%) is lower semicontinuous on
the whole set, being the intersection of an open graph correspondence and
a lower semicontinuous correspondence. Then there exists an open neighbor-
hood O of ¢ := (Z,Z,(p, 7)) such that, for every (z,z,(p,n)) € O, then
Un¥i(z,z,(p,n)) # 0 hence @ # UNd(z, 2, (p,n)) (since we always have
Uz, 2, (p,n)) C ®¥(x, 2, (p,M)))-

Step 2: i = (1,1). The proof is similar to the first step and more standard.
We only check hereafter that the case a'(p,n) = 0 never holds. Indeed, we
will consider three cases. If 7 # 0 then 0 < max{ne; z! | 2! € Z'} since
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0 € int Z' (by Assumption (F)). So e! € al(p,n) since e! € X' (by As-
sumption (C)). If » = 0 and p = 0, then p(p,n) = 1 and again e! € o(p, 7).
Finally, if » = 0 and p # 0, then e! — ¢(A O p) € a'(p,n) for t > 0 small
enough since e! € int X! (by Assumption (C)).

Step 3: 1 =0and i = (1,2). Obvious. a

For i = 0, for every (p,n7) € B, in view of Claim 4.1, we can now
apply the fixed-point Theorem 4.1. Hence there exists ¢ := (Z, z, (3,7)) €
[Tic; X* x [Tic; 2% x B such that, for every i € Iy, ®(z,z, (5, 7)) = 0.
Written coordinatewise, this is equivalent to saying that:

“.1) (ADp)er Z(Ei—ei)—noJ Zzi

i€l i€l
<(AOp)er Y (F(€)—€(€) —Nes Y 7,

il iel
fori = (1,1)
4.2) z' € B'(p,7) and o} (p,7) N P(z) =0,
fori = (1,2)
4.3) fesz' =max{fe;2' |z} € Z'};
for the remaining
(4.4) (z%,7") € B*(p,n) and o'(p,n) N (PY(Z) x Z*) = 0.

From now on we shall denote simply by W the full matrix of returns Wx(p, §)
associated to the spot price f and to the asset price § = ¢(p, 7).

4.1.3 The vector (T, Z, P, G) is an equilibrium
We recall that, from Theorem 2.1, § = ¢(p,7) is the unique vector § € R’
satisfying

WA=

Since, by (4.2), ! € 8(p, 1), using (4.3), one deduces that

@5)  (AOp)es (' —e') =D MEB(E) on ('(€) — €'(€))

£eD

<T].JZ +ppa Z)‘ ’
£eb

and, for every i # 1, since (z*, ') € B¢(p, ), by (4.4),
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(4.6) pO (3 —€') < Wz + p(p, ML

Taking the scalar product with ) and recalling that W\ = 7 from the defini-
tion of W, we conclude that, fori # 1,

pRN(3/3 (z*(€) — €'(€)) ) oM

£eb £eD
<Aep [WZ] =W e; 2t =7je; 7.

Hence, summing over ¢ € I we have proved the following claim:

Claim 4.2. (AOp)e;3",(F'—¢') < 71053 ¢, Zi+#I(Z§eD A(€))p(B, 7).
and the equality holds if the equality holds in (4.5) and (4.6).

Claim43. >, .,z =0and } ;. ;T =3, €

Proof of Claim 4.3. From Assertion (4.1) (taking successively p = pand n =
7), we get:

@7 fe; Y F<ne;» z forevery neR’, |In] <1,
el i€l
(4.8) (AOp)er Y (F —€)<(AOp)eL Y (& —¢)
i€l i€l
forevery p € RY, A DOp| < 1.

We first prove that ), ;2" =0 by contradiction. Suppose it is not true,

from (4.7) we deduce that 7 = —%—’r Hence ||77|| =1, p(p,7) :=
max{0,1 — [A0p|| — [|7|} =0and Fe; > ,.; 2 < 0. Consequently, from

Claim 4.2 one gets:

(AOp) e Z(i’i—ei) < ﬁ'JZZiJrO <0,
i€l i€l

But, from inequality (4.8), (taking p = 0) one gets

0<(AOp)er y (7' —¢),
el

a contradiction with the above inequality. O

In the same way we now prove the second equality 3., (Z* — e*) = O by
contradiction. Suppose it is not true, from (4.7) we deduce that 0 < (AO p) e,
Y icr(@ —€'), |A0p]| = L and so p(p, 77) := max{0, 1— ||IA0p|| ~|17(} = 0.
Consequently, from Claim 4.2, recalling from above that > el z* = O one gets
the contradiction:
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0<(AOp)eL Y (' —e)<ne;» 2+0=0. O

iel i€l
Claim 4.4. 7' € 8'(p,7) and 8'(p,7) N P}(z) = 0.

Proof of Claim 4.4. From the fixed-point condition (4.2), ! € 8'(p, 7). Now
suppose that 81(p,7) N P1(z) # 0 and choose z* € B1(p,7) N P1(z).

We know that ol (p,77) # 0 (see the second step in the proof of Claim 4.1),
and we choose Z! € a!(p,n). Suppose first that ' = x!; then, from above
z' € PY(z) N ol(p,7), which contradicts the fact that this set is empty by
Assertion (4.2). Suppose now that #! # !, from Assumption (C. iii) [, z'[N
Pl(a”v) # 0 (recalling that z! € P'(z)) and clearly [z* xl[ C al(p,7) (since
z! € fY(p,n) and 7! € al(p,7)). Consequently, P!(Z ) Y(p,7) # 0, which
contradicts again Assertion (4.2). O

Claim 4.5. (a) For every £ € D, p(&) # 0.
(b) Foralli # 1, (%%, 2%) € B'(p, ) and B*(p,n) N (P (Z) x Z*¢) = 0.

Proof of Claim 4.5. (a) Indeed, suppose that 5(¢) = 0, for some £ € D. From
Claim 4.3, 3",.; 2" = > .., €' and from the Non-Satiation Assumption at
node ¢ (for Consumer 1) there exists :1: € P(z) such that 2! (¢') = zt(¢’) for
every £’ # ¢; from Assertion (4.2), ! € 8'(p, 1) and, recalling that p(£) = 0,
one deduces that z* € (31(p, 7). Consequently,

B (p,7) N PY(z) £ 0,

which contradicts Claim 4.4.
(b) From the fixed point condition (4.4), for i # 1 one has (Z¢, z*) € 8(p, 7).
Now, suppose that there exists ¢ # 1 such that B(p,7) N (PHZ) x Z¢) # B
and let (%, 2%) € B¢(p,n) N (P(z) x Z*). From the Survival Assumption and
the fact that 5(£) # 0 for every & € D (Part (a)), one deduces that o*(p, 7) # 0
and we let (z¢,2%) € o*(p, 7).’

Suppose first that Z¢ = z?, then, from above (z%,2') € [P¥(z) x Zi| N
o*(p, ), which contradict the fact that this set is empty by Assertion (4.4). Sup-
pose now that ¢ # z°, from Assumption (C.iii), (recalling that z* € P*(z)) the
set [Z°, z*[NP*(Z) is nonempty, hence contains a point ¢ (\) := (1-\)Z’+Az?
for some A € [0,1]. We let 2*(\) := (1 — A)z* + Az® and we check that
(z*(N),2"(\)) € a'(p,7) (since (2%, 2°) € B*(p,7) and (T*,2') € o*(D, 7).
Consequently, o*(p, ) N (P*(Z) x Z*) # {, which contradicts again Asser-
tion (4.4). O

Claim 4.6. p(p,7) = 0.

"Take 7' = Oand Z' = €' — ¢p for ¢ > 0 small enough, so that ' € X* (from
the Survival Assumptlon) Then notice that 0 (Z* — e*) = —~t(p 0 p) € 0 <

0+ p(p, )L
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Proof of Claim 4.6. We first prove that the budget constraints of consumers
t € 1,1 # 1, are binded, that is:
4.9 50 (3 — ') = Wz + p(p, 7)1, forevery i # 1.
Indeed, if it is not true, there exist ¢ € I, ¢ # 1 such that
PO (3" —€') < W' +p(p, M,
with a strict inequality for some component { € D. But 3, z* = >, €'
(Claim 4.3) and from the Non-Satiation Assumption‘ at node £ (for con-
sumer 9), there exists z* € P*(Z) such that z*(¢') = z*(¢’) for every &' # €.
Consequently, we can choose z € [z*, [ close enough to Z' so that (2,7') €
B*(p, 7). But, from the Local Non-Satiation (Assumption (K.ii)), [z, Z![ C
P(z). Consequently, 3¢(p, 7)N(P(Z) x Z*) # @ which contradicts Claim 4.5.
In the same way, we prove that the budget constraint of Consumer 1 is

binded. Consequently, from Claim 4.2, using the facts that ), ,(z* — ') = 0
and ), ; Z* = 0 (by Claim 4.3) one has

0=(AOp)eL > (& —e)—ne; Y 2 =#I| > X&) | o(Bn).

el i€l €€
Since D¢ A(€) > 0, we conclude that p(p, ) = 0. m]

Claim4.7. For every i€l, (%',%') € Bx(p,q) and [P'(Z)x Z'] N
B%(p,q) = 0.

Proof of Claim 4.7. Since p(p,7) = 0 (From Claim 4.6), for every i # 1,
Bi.(p,q) = B(p, q). Hence, from Claim 4.5 we deduce that Claim 4.7 is true
for every consumer i # 1.

About the first consumer, we first notice that BL(p,q) C B*(p,7) x ZL.
So, in view of Claim 4.5, the proof will be complete if we show that (z!, z') €
BL(p,q). But since the budget constraints of agent ¢ € I, i # 1, are binded
(see the proof of Claim 4.6), 3", ,(z* —€) =0and }_,; * = 0 (Claim 4.3),
we conclude that

pO (! —é! Z 0 (z" ~e) Z Wzt
i#1 i#l
which ends the proof of the claim. O

4.2 Proof in the general case

We now give the proof of Theorem 3.1, without considering the additional
Assumption (K), as in the previous section. We will first enlarge the strict pre-
ferred sets as in Gale-Mas Colell, and then truncate the economy £ by a stan-
dard argument to define a new economy &,, which satisfies all the assumptions
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of £, together with the additional Assumption (K). From the previous section,
there exists an equilibrium of £, and we will then check that it is also an equi-
librium of £.

4.2.1 Enlarging the preferences as in Gale-Mas Colell R
The original preferences P are replaced by the “enlarged” ones P* defined as
follows. Forevery i € I, T € [[,c; X* we let

Pia)= |J 17,2 ={2 +t=' -2 [t€]0,1], &’ € P'(2)}.
zi € Pi(Z)

The next proposition shows that P satisfies the same properties as P?, for ev-
ery ¢ € I, together with the additional Local Non-Satiation Assumption (K.ii).

Proposition 4.1. Under (C), for every i € I and every T € [[,c; X* one has:

(i) P{(z) C Pi(z) c X%

(ii) the correspondence Pt is lower semicontinuous at & and P’( ) is con-
vex;

_ (iii) for every y* € PU(Z) for every (z')' € X%, (z')! # y' then [(z')", 4[N
Pi@)#0;

(iv)T* ¢ P'(Z);

(v) (Non-Satiation at Every Node) if 3, &' =Y, €', forevery £ € D,
there exists ¢ € [[,c; X" such that, for each & # & z*(€') = T'(¢’) and
z* € Pi(z);

(vi) for every y' € P'(%), then [y, [ C P*(Z).

Proof. Let & € [[;c; X" andleti € I.
Part (i). It follows by the convexity of X*, forevery ¢ € I.
Part (ii). Let y* € P'(Z) and consider a sequence (Z»)n C [];c; X* converg-
ing to Z. Since y* € P¥(Z), then y = & + t(z* — Z*) for some z* € P'(Z)
and some t € )0, 1]. Since P! is lower semicontinuous, there exists a sequence
(zt) converging to z* such that zj, € P*(Z,) for every n € N. Now define
Yy = Iy, + t(zy, — ) € |35, 2] then g, € _Pi(z,) and obviously the
sequence (yn) converges o y". ThlS shows that P* is lower semicontinuous
at z.

To show that P(%) is convex, let vl € P’( ). let Ap > 0, Ay > 0, such
that \; + A2 = 1. Then yi = I + tx(z}, — Z°) for some ¢, € ]0, 1] and some
zi € PY(Z) (k = 1, 2). One has

MY+ Aot = Z° + (Aity + Aaty) (2 — 7Y,

where & := (A1t105 4+ Xotaxh) / (At +Xot2) € PH(E) (since P*(T) is convex,
by Assumption (C)) and A1¢; + Agts € ]0,1]. Hence A1yt + Aoyl € P’(ac)
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Part (iii). Lety* € P’( ) and let (z’)* € X*, (z')* # y*. From the definition of
Pty = 7'+ t(x' —Z*) for some 2 € P*(%) and some t € |0, 1]. Suppose first
thatz' = (z')’, then y* € ]&, [ C P¥(Z). Consequently, [(z')?, 4[N P*(Z) #
(. Suppose now that z* # (z')*; since P’ satisfies Assumption (C.m), there
exists A € [0, 1] such that z¢(\) = (z')* + A(a* — (z')*) € P¥(z). We let

=M1 = )2 +t(1 = N)(z) + thz']/a with a:=t+ A1 —t),

and we check that z = [A(1 — t)z* + tz° ()\)]/a € 124, 2*()\)], with z¢())
Pi(z), hence z € P’( )- Moreover, z := Ay’ +¢(1— ) (2)]/a € [(2')", y*
Consequently, [(2)’, y*[ N P*(Z) # 0, which ends the proof of (iii).

Parts (iv), (v) and (vi). They follow immediately by the definition of Pt and
the properties satisfied by P? in (C). |

€
[

4.2,2 Truncating the economy
We now define the “truncated economy” as follows.
Forevery i € I, A € R, we let X*()\) and Z?()) be the projections of
B()\) on X* and Z¢, respectively, namely

XiN) = {xi €X': 3(al)pm € [[ X, 32 €[] 2, (=,2) € B()\)}

i iel

ZH\) = {zi €z ) me|[Z, e ]][X (3,2) € B()\)}.

j#4 iel

By Assumption (Bj), the set B()) is bounded, hence the sets X*()\) and
Z(\) are also bounded subsets of R” and RY, respectively. So there exists
a real number r > 0 such that, for every agent i € I, X*()\) C int B(0,r)
and Z#(\) C int B;(0, ). The truncated economy (., F,.) is the collection

(éra ]'-r) = []D; H> Iv (X:': P::’ ei)iGI; Ja (Zi)iely (S(j))jEJa V] ’
where, forevery « € [[,c, X
X! = X'NBL(0,r), Zi = Z'NB;(0,r) and Pi(zx) = P'(x)nint BL(0,7).

The existence of equilibria of (£, F,) is then a consequence of Section 4.1,
that is, Theorem 3.1 with the additional Assumption (K). We just have to check
that Assumption (K) and all the assumptions of Theorem 3.1 are satisfied by
(€., F,). In view of Proposition 4.1, this is clearly the case for all the assump-
tions but the Survival Assumptions (C.vi) and (F.iii), that are proved via a stan-
dard argument (that we recall hereafter).
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Indeed we first notice that (e?,0);c; belongs to B()), hence, for every
i € I, et € Xi(\) C int BL(0,7). Recalling that ¢ € int X* (from the
Survival Assumption), we deduce that €! € int X* Nint Bz(0,7) C int[X® N
Br(0,7)] = int X%. Similarly, for every i € I,0 € Zi(\) C int B;(0,r).
Consequently 0 € Z: = Z*N B;(0, ). Moreover, for some i € I one has 0 €
int Z% (by Assumption (Fiii)), and, as above, 0 € int B(0, 7). Consequently,
0 € int[Z% N B;(0,7)] = int Z°.

The end of the proof of Theorem 3.1 consists to show that equilibria of
(€., F,) are in fact also equilibria of (£, F), which thus exist from above.

Proposition 4.2. Under Assumption (B)), if (Z,2,p,q) is an equilibrium of
(€., F») such that p € Br(0,1) and tW X € NZlﬂBJ(O 1)(2Y), then it is also
an equilibrium of (£, F) and*W X € Nz (z1).

Proof. Let (%,%,P,q) be an equilibrium of the economy (é’r, F). In view of
the definition of an equilibrium, to prove that it is also an equilibrium of (£, F)
we only have to check that [P*(z) x Z*|N B%(p, ) = 0 forevery i € I, where
Bi(p, §) denotes the budget set of agent 7 in the economy (€, F).

Assume, on the contrary, that, for some i € I the set [P*(Z) x Z*|NB%(p, )
is nonempty, hence contains a couple (2%, 2*). Clearly the allocation (Z, Z) be-
longs to the set B()), hence for every i € I, & € X*(\) C int B(0,r) and
7 € Zi(\) C int B;(0,r). Thus, for t € ]0,1] sufficiently small, z*(t) :=
'+ t(x* — 7%) € int BL(0,7) and 2%(t) := z* + t(2* — #*) € int B;(0,r).
Clearly (z*(t), 2*(t)) belongs to the budget set BY%(p,q) of agent i (for the
economy (£, F)) and since z'(t) € X¢ := X' N BL(0,7), 2*(t) € Zi :
Z*N B;(0,7), the couple (z'(t), z*(t)) belongs also to the budget set B} (p, )
of agent i (in the economy (&, Fr ))- From the definition of Pi we deduce that

zi(t) € Pz(w) (since from above z*(t) := Z* + t(z* — 7°) and =’ € P*(¥)),
hence zi(t) € Pi(z) := P'( ) Nint B (0, 7). We have thus shown that, for
te ]0 1] small enough, (z ( ), 2 (t)) € [P’(x) X Zi] N B! (13, ‘) This con-
economy (&, Fy).

We now prove that 77 := tW;(p‘,q)A € Nzi(z'). We let 2! € Z! and
we show that § ey ! > 7 ; 2!. We have seen above that 7l e Z1()\) C
int B;(0,7). Then, for ¢ > 0 small enough, z(t) := z! + (2! — 2!) €
int B;(0,7) and 2(t) € Z, by the convexity of ZL. Consequently, for ¢ small
enough, z(t) € Z} = Z' N B,(0,r) and using the fact that 7 € Nz1(2'), we
deduce that

neszl >neyz(t)=nes 2 +tne; (2t —2'),

hence ey 2! < ey zl. 0
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5. Appendix

5.1 Retrading financial assets and equilibria

In this section we will show that, if every asset of the financial structure F can
be retraded at each node, the previous equilibrium notion coincides
with another concept widely used in the literature (see for example
Magill-Quinzii [23]).

To every asset j € J and every node £’ > £(j) which is not a maturity
node® of j we define the new asset J = (j,£&’), which is issued at &', and
has the same payoffs as asset j at every node which succeeds &’. For the sake
of convenient notations, we shall allow to retrade every asset j at every node
& eb?

Throughout this section we shall assume that the portfolios are uncon-
strained, that is, Z* = R, for every i € I.

Definition 5.1. The retrading of asset j € J at node ¢’ € D, denoted§ =
(4,€"), is the asset issued at £, that is, £(j,&') = £, and whose flow of payoffs
is given by
Tp,€, (1,€)) = v(p, €, ), 1€ < &
(p, &, (4,€)) = 0, otherwise.

Given the financial structure F = (J, (£(§))jes, V), we associate a new fi-

nancial structure F = (J, (£ (1))5e5: V) called the retrading extension of F,
which consists of all the retradings (§,£') of asset j € J at node &' € . Hence
J = J x D and the D x J-matrix 17(;0) has for coefficients v(p, £, (3,&')), as
defined above.

We denote by g¢;(¢’) the price of asset (j,£’) (i.e., the retrading of as-
set j at node ¢’), which is sometimes also called the retrading price of as-
set j at node &’. So, for the financial structure F, both the asset price vector
q = (g;(§))jese v and the portfolio z = (2;(§'))jes¢ep now belong to
R7*P_ Given p € RE, g and z in R7*P, the full financial return of F at node
£EeDis

8 We recall that the maturity nodes of an asset j are the nodes & > £(5) such that
v(p,§, ) # 0and v(p, ¢, j) = 0 for every £’ > ¢&.

9 In particular, if £’ is a terminal node (¢’ € D) the payoff of the asset (j, £') is zero
(i.e.,, 9(p, &, (4,¢£')) = O for every £ € D). However, these assets do not affect the
equilibrium notion since, under the Non-Satiation Assumption at every Node, the
corresponding equilibrium price §(;,¢y must be zero (otherwise it would lead to an
arbitrage situation which does not prevail at equilibrium).
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[Wx(p, ¢)2](€)
= > Ww&LGONHEE) - D Geeiienti(€)z(E)

(4,£)eIxD (5,6")edxD
=3 N u(p,£,5)2(E) = Y 4;(6)2(6).
JEJE'<E jeJ

We now give the definition of equilibrium which is most often used when
retrading is allowed. Given the financial structure F = (J, (£(j));jes, V) and
given p € RE, ¢ € R7*P, we first define the budget set:

Bi(p,q) = {(z',y") € X! xR7® . pO (¢! — &) < Wr(p,q)y'}

where we let, for y = (;(£))(j.)esxp € R7*P:

[Wr(p, 9)y] ()
— > a(&)yi(G), E=Eo,

- jeJ
> o, &)y (E) +D Oy €)= ai(©yi(€),  VE£.
jeJ jeJ j€J

We recall that we have allowed the retrading of assets at terminal nodes,
for the sake of convenient notations; so we don’t need above to distinguish the
cases £ € Dy and £ ¢ Dp.1°

Definition 5.2. Arn equilibrium with retrading of the economy € and the finan-
cial structure F = (J,(£(7)) i€ V') is a collection of strategies and prices
(%,9,p,9) € (RL)! x (IRJXD) x REN {0} x RI*P such that

(a) for everyicI, (Z,7') € B].:(p7 7) and [P*(z) xR’ *P] N B%(5,q) =0;

(b) >3 =S etand 3 5" = 0.

i€l i€l il

The next proposition shows that, for a given exchange economy &, equi-
libria with retrading associated to the financial structure . are in a one-to-
one correspondence with the equilibria associated to the retrading extension JF
of F. The correspondence will only change the equilibrium portfolios via the
mapping ¢: R7*P —; RY*P defined by

0(2)(4,6) = Z 2(4,&"), forevery z € R/*D,
£'<¢

10 But again, at equilibrium, under a standard Non-Satiation assumption (see assump-
tion NS), a no-arbitrage argument will imply that g; (£) = 0if £ € Dr. So allowing
assets to be emitted at terminal nodes does not matter.
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and  is easily shown to be linear and bijective.!!

Proposition 5.1. Let £ be an exchange economy, let F = (L, €@))jesn, V)

andlet F = (J,(£(j Njed V) be the retrading extension of F. Then the two
following conditions are equivalent:

(i) (2, 2,D,q) is an equilibrium of (€, F);

(i) (%, (p(2%))ic1, D, §) is an equilibrium with retrading of (€, F).

Proof. Since ¢ is linear and bijective, the equality Yier #' = 0 holds if and
only if . ; ¢(2*) = 0. Thus the end of the proof is a consequence of the
following claim.

Claim 5.1. For every (p,q) € RE x R7*P one has

(i) for every z € R, Wi(p, )z = Wx(p, 0)o(2);

(ii) Bi(p,q) = {(2%,2") | (&, 0(z")) € Bx(p,q)}.
Proof. Part (i). For £ = &, we have ¢(2)(4,&) = 2(j,&o) for every j € J;
from the definitions of Wx(p, q) and Wx(p, g), we get:

[W}-(p, a)(2)] (&) = Zq] €o0)[p(2) (34, &0)]

jed

=— Y 4;(%0)2(&0) = Wx(p, 9)7)(&)-

jed
For & # &y we have

[Wr(p, q)e(2)](€)

:ZU(Pvf,j) )G, € )+qu 2)(5,€7) Zq] w(2)(5,€

JjEJ JEJ JjeJ
=Y v(0.65) > %(E) =D a(©)p(2)(5,€) — 9(2)(5,67)]
jed §'<¢~ JjeJ
= > W& G.))%(E) Y49z
(7,£")eJxD jed
= [Wx(p, 9)2](£).
Part (ii). It is a direct consequence of (i). ]

1 It is casy to see that the inverse of ¢ is the mapping ¥: R7*? — R7*D defined
lgy wg(z)(j,ﬁ) = 2(5,§) — 2(4,€7), if £ # &o, and P(2)(4, &) = 2(J, o), if
= &o.
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5.2 Relationship between rank Vr and rank W in a multi-period
model

The next Proposition shows that several properties of the two-date model also
hold in the case of short-lived financial structures. First, the list of emission
nodes (£(j))jes of the (non-zero) short-lived assets is uniquely determined by
the knowledge of the return matrix V=(p), and, secondly, the relationship be-
tween the ranks of the matrices V= (p) and Wx(p, q) can be simply formulated.

Proposition 5.2. For short-lived financial structures F, the following holds:

(a) if, for every j € J, Ve(p,j) # O, then the emission node £(3j) is
uniquely determined by the knowledge of the payoff vector Vi (p, j), that is,
&(3) = & for every £ € D such that v(p, €, ) # 0;

(b) rank Vr(p) < rank Wx(p, q) for every (p,q) € RL x RY;

(c) rank Vr(p) = rank Wx(p, q) if *‘Wx(p,g)A = 0 for some A € R .

In the following, we omit the subscript F of the matrices Vr(p) and
Wz(p).

Proof. Part (a) is straightforward. We prepare the proofs of Part (b) and (c) by
introducing some notations and definitions. We let, fort = 1,...,7 + 1, the
set J, = {_7 eJ | 6(]) (S Dt—l}-

We give the proof under the additional assumption that J; # @ fort € [1,T]
and Jry1 = O (and we let the reader adapt this proof to the general case).
Then the sets J; (¢ € [1, T]) define a partition of the set .J and we write every
z € RY as z = () with z; € R7:. We also define the D; x J, sub-matrix
Vi, (p) of V(p) and the D, x J, sub-matrix W, -(p, q) of W(p,q),fort € T
andr=1,...,T.

In this case, the matrices V' (p) and W (p, ¢) can be written as follows:

J1 Jo Jr_1 Jr

0 0 0 0 Dy

V1.1(p) 0 0 0 Dy
Vip) = cee
0 0 e VT—l,T——l(p) 0 DT—I

0 0 PN 0 VT,T(p) DT

Wo1(p:q) 0 0 0 Dq

Via(p) Wia(p,q) --. 0 0 D,
Wip,q) =
0 0 coo Vro1r1(0) Wr-1,r(p,9) | Dr—a

0 0 e 0 Vr.r(p) Dr



Existence of financial equilibria in a multi-period stochastic economy 27

To see the above, it suffices to check that, for every (p, ¢), one has Vp - (p) =
0 for every 7, V; -(p) = 0if t # 7, Wo-(p,q) = O, for every 7 # 1,
Wi (p,q) =0if 7 > ¢t 4+ 2and Wy 1(p, q) = V; +(p) forevery t > 1.
Part (b). We first prove it under the additional assumption that rank V(p) =
#J (i.e., V(p) is one-to-one). Let z = (2;) € [, Rt be such that W(p, q)z =
0; then one has

Via(p)zr + Waiz(p,q)z2 =0,

Vr—1,r-1(p)2zr—1 + We_1,1(p,q)2r =0,
VT7T(p)ZT =0.

One notices that rank V(p) = Zthl rank Vi +(p). So, for every t,
rank V; 4(p) = §J; (hence rank V(p) = §J) and each matrix V; ;(p) is one-
to-one. From above, by an easy backward induction argument, we deduce that
zr = 0,then zp_; = 0,...,2; = 0. Thus 2z = 0 and we have proved that

W (p, ) is also one-to-one, that is, rank W (p, ¢) = 4J.

Suppose now that rank V(p) < #J. By eliminating columns of the matrix
V(p) we can consider a set J C J and a (D x J)-sub-matrix V(p) of V(p)
such that rank V(p) = #J = rank V(p) and the matrix W(p, q) is defined
in a similar way. From the first part of the proof of Part (b), rank ‘7(])) <
rank W(p, q), and clearly rank W(p, q) < rank W (p, q). Hence rank V (p) <
rank W(p, q).

Part (c). We denote by V(p, &) and W(p, g, &), respectively, the rows of the
matrices V(p) and W (p, q). Since *W (p, ¢)A = 0, from Theorem 2.1 we get

Me@Ng = Y. MEW(P,E,j), forevery j e J.
geg(N+

Consequently, we have:

for§ € ]D)Ta W(pa q, é.) = V(pa 5) and

foré- ¢ ]D)T9 W(p? q, 6) + {1/)‘(6)] Eg’eg-i— )‘(ﬁl)v(pa 5,) = V(pa é.) (I'e-
calling that V' (p, &) = 0).

Hence, for every £ € D, W(p, q, &) belongs to the vector space spanned
by the vectors {V(p,§) | € € D}, thus we conclude that rank W(p,q) <
rank V (p). O

Remark 5.1 (Long-lived assets). The inequality rank V{(p) < rank W(p,q)
(Assertion (b) of Proposition 5.2) may not be true in the case of long-lived
assets. Consider a stochastic economy with T = 2 and three nodes, namely
D = {0, 1,2}, and two assets j;, j2, where j; is emitted at node O and pays —1
anode 1, 1 at node 2, jo is emitted at node 1 and gives 1 at node 2. Consider
the asset price ¢ = (0, 1); then the matrices of returns are
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0 0 0 o0
V=|-10}, W={-1 -1],
1 1 1 1
and rank W(g) =1 < rankV = 2. O

Assertion (a) of Proposition 5.2 may not be true in the case of long-lived as-
sets, that is, the payoff matrix may not suffice to describe the financial structure.
Consider the above example: then V is also the return matrix of the financial
structure F’ consisting of two assets {j1, 75}, where j; is defined as previously
and j4 has for emission node 0 and pays 1 at node 2. It is clear, however, that,
for ¢ = (0, 1), the full matrix of returns W (q) is different from Wx(g). O

5.3 Proof of Proposition 3.1 on the Boundedness Assumption B

We will use the following lemma.

Lemma 5.1. Let A be a compact subset of R™ and let W(a): R — RP
(a € A) be a linear mapping such that the application o — W () is continu-
ous and rank W (a) = §J. Then there exists ¢ > 0 such that:

|W (a)z|| > cl|z]| forevery z € R and every a € A.

Proof. By contradiction. Let us assume that, for every n € N, there exist z,, €
RY, an, € A such that [W(an)zn|l < 1|zl Noticing that z, # 0, without
any loss of generality we can assume that (”—jgl—l)n (which is in the unit sphere
of R”) converges to some element v # 0 and (a,,) converges to some element
a € A (since A is compact). By the continuity of the map W, taking the limit
when n — oo, we get |[W(a)v|| < 0, hence W (a)v = 0, a contradiction with
the hypothesis that rank W (a) = §J. O

Proof of Proposition 3.1. Let A € RR 4 be fixed. We first show that, for every
i € I, the set X*()) is bounded. Indeed, since the sets X* are bounded below,
there exist z' € RL such that X* C z' + RL. If z* € X*()), there exist
a) € X7, forevery j # i, suchthat - . ;27 = 3~ ; €7. Consequently,

g<at==Yd+)y <Y+ &

J#L jeJ J#L Jjed

and so X*()) is bounded.

We now show that Z¢()) is bounded under the three sufficient assump-
tions (i), (i) or (iii) of Proposition 3.1. Indeed, for every 2t € Z%()) there
exist (27) i € [1,4; 27, (27); € [1je; X7, p € BL(0,1), ¢ € RY such that
‘W (p,g)) € Bs(0,1), 3¢ ;27 = 0and (27, 27) € Bx(p,q)-
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Under Assumption (i), for every j € I the portfo!io set Z7 is bounded from
below, that is there exists 2/ € R” such that Z7 C 27 + RJ. Using the fact that

2 jer? =0, we get

<= —sz < —Zgj forevery z* € Z(\).
J#i J#

Under Assumption (i), since (z¢,2') € Bi(p,q) and (z%,p) € X*(\) x
B1,(0,1), a compact set from above, there exists o € RP such that

o' <pO(z' —€e') < W(p,q)2"

But (using the fact that ), ; 2* = 0) we also have

W(p,9)z' = W(p,q) (—sz) <=y o,

J#i J#

hence there exists 7 > 0 such that W (p, q)2* C Bp(0,r).

From Lemma 5.1, taking W(a) = W(p,q) for a = (p,q) € A :=
{(p,q) € BL(0,1) xR’ : *W(p,q)A € B;(0,1)}, which is compact, for
fixed A € RY_, there exists ¢ > 0 such that, for every (p,q) € 4, 2* € R/,
cllz*|| < [[W(p, g)2'||. Hence,

clZll < W (p,q)'|| < 7 forevery 2* € Z*(N),

which shows that the set Z%()) is bounded.
Finally, under Assumption (iii) the case of short-lived assets is a conse-
quence of Part (if) and Proposition 5.2.b. a

5.4 Proof of the no-arbitrage characterization Theorem 2.1

The proof is a direct consequence of the following result by taking W :=
Wx(p,q),c= 2" and C = Z°.

Theorem 5.1 (Koopmans [19]). Let W : R™ — R™ be linear, let C C R™ be
convex, let ¢ € C, and consider the two following assertions:

(i) there exists A € R, such that "W\ € N¢(¢),
or equivalently, X ¢, W& = ['W ] e, € > Ao, Wc = [*WA] e, cforevery
ceC;

(i) W(C)n(We+R}) = {0}

The implication [(i) = (ii)] always holds and the converse is true under
the additional assumption that C is a polyhedral set.
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Proof of Theorem 5.1. [(i) = (ii)] By contradiction. Suppose that there exists
¢ € C such that Wc > We. This implies that, for every A € R, , s, We >
X e, WE or equivalently [*W ] e, ¢ > ['TW]] o, C, that is, ‘WA ¢ Ng(e),
which contradicts (7). 0

For the proof of the implication [(ii} = (i)], see Koopmans ({19]), taking
into account the following known result on polyhedral sets.

Lemma 5.2, Let C' C R™ be a convex set.
(a) ([33] Theorem 19.1) Then C is polyhedral if and only if there exist finitely
many vectors ¢y, . ..,Cg,d1,...,d, in R™ such that

T
C:CO{Cl,...,Ck}+{Zﬁjdj ,Bj 20,j=1,...,r}.
j=1

(b) ([33] Theorem 19.3) Let W: R™ — R™ be a linear mapping. If C C R"
is polyhedral set, then W (C) is also polyhedral.
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Abstract. We study variational convergence for integral functionals defined on
Lg ([0, 1]; dt) x ¥([0, 1];Y) where H is a separable Hilbert space, Y is a Polish space
and Y([0,1];Y) is the space of Young measures on [0,1] x Y, and we investigate its
applications to evolution inclusions. We prove the dependence of solutions with respect
to the control Young measures and apply it to the study of the value function associated
with these control problems. In this framework we then prove that the value function
is a viscosity subsolution of the associated HIB equation. Some limiting properties for
nonconvex integral functionals in proximal analysis are also investigated.
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1. Introduction

The study of variational convergence for integral functionals via the conver-
gence of Young measures with applications to Control problems and some
classes of evolution inclusions of second order was developed in [8, 9, 14, 13].
See also [1] and the references therein. In the same vein we present here,
in Section 3, a more general study for integral functionals defined on
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L ([0,1],dt) x Y([0, 1]; Y) where H is a separable Hilbert space, Y is a Polish
space and Y([0,1]; Y) is the space of Young measures on [0,1] x Y. We also
prove a very general semicontinuity theorem for Young measures, which re-
mains valid in some nonmetrizable spaces such as e.g. the space of tempered
distributions. We then investigate in Section 4 applications to some limiting
properties for nonconvex integral functionals in proximal analysis, and, in Sec-
tion 5, to evolution inclusions governed by control Young measures. The use
of stable convergence and fiber product for Young measures is crucial in our
approach. In particular, the dependence of solutions with respect to the control
Young measures is demonstrated. This is applied in Section 6 to the study of
the value function associated with these control problems. In this framework
we then prove that the value function is a viscosity subsolution of the associ-
ated HJB equation.

2. Notations, definitions, preliminaries

Throughout, (2, S, P) is a complete probability space and E is a separable
Banach space. By LL(2, S, P) we denote the space of all Lebesgue-Bochner
integrable [E-valued functions defined on . For the sake of completeness, we
sumrmarize some useful facts concerning Young measures. Let X be a topo-
logical space, and let C,(X) be the space of all bounded continuous func-
tions defined on X. Let M’ (X) be the set of all Borel probability measures
on X equipped with the narrow topology. A Young measure A:  — Mi(X)
is, by definition, a scalarly measurable mapping from Q into M L (X), that
is, for every f € C®(X), the mapping w — (f,\.) = = [y f( d)\ (y) is
S-measurable. With each mapping u: Q@ — X, we associate the degener-
ate Young measure 8, w > 0,,), where &, denotes the probability con-
centrated on z. A sequence (or a net) (A\™) in the space of Young measures
Y(Q,S, P; X) converges W-stably (or, simply, converges stably) to a Young
measure A € Y(, S, P; X) if the following holds

i [ | [ 1 axiw] ap@) = [ | [ o ane| ape)

for every A € S and for every f € Cp(X). If the sequence (4, ) of degen-
erate Young measures converges stably to A, we shall sometimes simply say
that (u,,) converges stably to \. For the sake of completeness, we recall some
results on Young measures that we will use in the sequel. For more on Young
measures, see [2, 25, 26, 14] and the references therein. Recall that, if S and
T are topological spaces, if 4 € Y(Q, S, P;S) andv € Y(Q, S, P;T) the fiber
product of y and v is the Young measure 4 ® v: w — L, ® V,, see [14,
Theorem 3.3.1] (or [12, Theorem 2.3.1] for the metric case).
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Proposition 2.1. Let S and T be Polish spaces. Let (u™) be a sequence in
V(Q, S, P;S) and let (v™) be a sequence in Y(Q, S, P; T). Assume that

(i) (u™) converges in P-probability to u™ € Y(Q, S, P;§),

(ii) (V™) converges stably to v™° € Y(Q, S, P;T).

Then (u™ @ v™) converges stably to u™ ® v°>°.

Let us also mention a general result of convergence for Young measures
from [12] that we need in the statement of next results.

Proposition 2.2, Assume that S and T are metric spaces. Let (u™) be a se-
quence of S-measurable mappings from Q to S such that (u™) converges in
probability to an S-measurable mapping u™ from Q into S and let (v") be
a sequence of S-measurable mappings from §) into T such that (v™) stably
converges tov™® € Y(Q,S,P;T). Leth: Q xS x T — R be a Carathéodory
integrand such that the sequence (h{.,un(.),vn(.)) is uniformly integrable.
Then the following holds

lim [ Blw, u"(w), 0" (W) dP(w) = /Q [ /T h(w, u™ (W), £) dv=(8) | dP(w).

n—0o0 Q
Let us mention a useful application of the preceding results.

Corollary 2.3. Assume that E is a separable Banach space, S is a convex
weak™ compact subset of the topological dual B!, Y and Z are Polish spaces,
f: Q xY x Z — Eis a Carathéodory mapping such that

wre osup [[f(w, g, 2)
(y,2)EYXZ

belongs to L (Q, S, P). Let (v™) be a sequence of S-measurable mappings
from ) to S which pointwisely converges to an S-measurable mapping v™>°,
let (u™) be a sequence of S-measurable mappings from  to Y which point-
wisely converges to an S-measurable mapping v™>°, and let (V™) be a se-
quence of Young measures in Y(Q, S, P; ZZ) which stably converges 1o v™ €
Y(Q, S, P;Z). Then we have

lim /Q [ /Z W (@), flw, u" (@), 2)) dug(z)] dP(w)
-/ [ [ @) 10w @), 2) e (2)| ape).

It is enough to remark that S is a compact metrizable space for the weak*
topology and the sequence (6,» @ &,» @ v™)-stably converges to (Jyee ® Jyoo ®
v™>) by virtue of Proposition 2.1, and the integrand ¢ definedon @ x Sx Y x Z
by
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go(w,x,y, Z) = <ZL‘, f(way’ Z)>

for all (w,z,y,2) € @ x S x Y X Z is Carathéodory integrable.

We recall below some notations and summarise some results which de-
scribe the limiting behaviour of a bounded sequence in LY(Q2, S, P). See [14,
Proposition 6.5.17].

Proposition 2.4. Assume that H is a separable Hilbert space. Let ((,) be
a bounded sequence in L (Q, S, P). Then the following hold:

1) (&, ) (up to an extracted subsequence) converges stably to a Young mea-
sure v that is, there exist a subsequence ((},) of ({,) and a Young measure v
belonging to the space of Young measure Y (Q;H,) with t — bar(y,) €
Ly(Q, S, P) (here bar(v,,) denotes the barycenter of v,,) such that

lim. Olh(t,g,;(w))dp(w)= /Q [ /H h(w, z) vw(dx)] dP(w)

for all bounded Carathéodory integrands h: Q x H, — R,

2) (Cn) (up to an extracted subsequence)weakly biting converges fo an in-
tegrable function f € LY(Q,S,P), which means that there is a subse-
quence (Cl,) of (Cn) and an increasing sequence of Lebesgue-measurable
sets (Ap) with limp, A(Ap) = 1 and f € Ly(Q, S, P) such that, for each p,

m [ (h(w), C(w)) dP(w) = / (h(w), () dP(w)

m—0o0
AP P

forall h € LY (Q, S, P),

3) (¢n) (up to an extracted subsequence) Komlds converges to an integrable
function g € L{(Q2, S, P), which means that there is a subsequence ((g(m))
and an integrable function g € L (0, S, P), such that

1
nll_’ngo - ZC,,(j)(w) =g(w), ae €9,
j=1

for every subsequence (Cy(rn)) of (Ca(n))-

4) There is a filter U finer than the Fréchet filter such that U-lim,, {, =1 €
(LER), e Where (LS )eax is the second dual of Li(, S, P). Let w be the
density of the absolutely continuous part l, of 1 in the decompositionl = [+,
in absolutely continuous part l, and singular part l,. If we have considered the
same extracted subsequence in 1), 2), 3), 4), then one has f(w) = g(w) =
bar(v,) = w(w) a.e. w € L.
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3. Semicontinuity properties and variational limits for
integral functionals

In the remainder £([0,1]) is the o-algebra of Lebesgue-measurable sets of
[0,1], A = dt is the Lebesgue measure on [0, 1], and H is a separable Hilbert
space. If X is a topological space, we denote by B(X) its Borel o-algebra. Let
us recall that a mapping ¢: [0,1] X X — ]—o00, 00| is a normal integrand
if ¢ is £([0,1]) ® B(X)-measurable, and, for each ¢ € [0, 1], p(¢,.) is lower
semicontinuous on X.

Semicontinuity for the stable topology. We begin with a version of the semi-
continuity theorem for Young measures which improves the results of [14].
To establish this theorem, following a tradition which goes back to Berliocchi
and Lasry [4], we will use a version for normal integrands of Scorza Dragoni’s
celebrated theorem. The following lemma is an adaptation of [18].

Lemma 3.1 (Scorza Dragoni Theorem). Assume that X is a Suslin topolog-
ical space (that is, there exists a Polish space Y and a continuous mapping
fromY onto X). Assume furthermore that X is the inductive limit of an increas-
ing sequence (X,,) of second countable subspaces (that is, a subset B of X
is closed iff B N X,, is closed for each n) which are Borel subsets of X. Let
f:10,1] x X — ]—o00,+0c] be a normal integrand. Then, for every ¢ > 0,
there exists a closed subset Q¢ of [0, 1] satisfying

1. A([0,1]\ Q) < € (recall that ) is the Lebesgue measure on [0, 1)),
2. f|Q - is Ls.c. for the product topology on [0,1] x X.

Proof.
Step 1: We show, that, for any locally compact topological space S, the space
X x S is the inductive limit of the spaces X,, x S. Consider the canonical
projection
| &nX, —-X
i { (n,t) —t

where @, X, = U, ({n} x X,,) is the direct sum of the spaces X,,. From the
definition of the topology 7x of X, a subset A of X is open iff 7~ (A) is an open
subset of ®,X,,, which amounts to say that 7x is the finest topology on X such
that 7 is continuous. (In this case, 7 is called a quotient mapping, see [16].)
Similarly, let ¥ denote the topology of the inductive limit of the spaces X,, x S.
A subset of X x S is open for ¥ iff the mapping

. {@n(XnXS)——)XXS
Cl(nts) ()
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is quotient. Let us denote by 75 the topology of S. To prove that T = Tx®17s, we
only need to prove that 7 remains a quotient mapping when X x S is endowed
with /¢ ® 15. We can factorize 7 as follows: let

. 69n(Xn X S) — (EBan) X S
(b‘ { (n’t’s) = ((n,t),s),

and let

((n,t),8) = (t,s).

We thus have T = 1 o ¢. Furthermore, one easily checks that ¢ is a-homeo-
morphism. Thus, to prove that 7 is quotient, we only need to prove that 1 is
quotient. But this follows from the Whitehead theorem [16, Theorem 3.3.17].

Step 2: We now prove Scorza Dragoni’s theorem. In the case when X is a sec-
ond countable space, the result of Lemma 3.1 is well known, see [23, Theo-
rem 1] (the projection property in [23, Theorem 1] is ensured by the assurnp-
tion that X is Suslin). In the general case, for each n, X,, is Suslin because it is
a Borel subset of X, and f, := f|[0,1]xXn is a normal integrand, thus, by [23],

for each integer ¢ > 0, there exists a closed subset Q. , of [0, 1] such that
A([0,1] \ ¢.n) < €27™7! and such that fn| is 1.s.c., that is, the epi-

graph epi f|Qe s ={(t,z,7) € Qe x X, % R r > f(t,x)} is closed in

O xX, xR. Let Q. = N, ,. From the first step with S = [0, 1] x]—00, +00],
the set epi f|Q - is closed in  x X x R, that is, f|Q - is L.s.c. O

- {(@an)xSeXxS

Theorem 3.2 (Semicontinuity theorem for inductive limits of separable
metrizable spaces). Assume that X is a Suslin regular topological space. As-
sume furthermore that X is the inductive limit of an increasing sequence (X,,)
of metrizable Borel subspaces. (See the definitions of a Suslin space and of an
inductive limit in Lemma 3.1.) Let (4*) be a net in Y(]0,1], £([0,1]), ; X)
which stably converges to some yu € Y([0,1], L([0,1]), \; X). Then, for any
normal integrand f: [0,1] x X — [0, +oc], we have

G.1)  liminf / F(t,2) du®(z) dt > / £(t,2) dp(z) dt.
[0,1]xX

« [0,1]xX

The class of spaces X satisfying the hypothesis of Theorem 3.2 contains ob-
viously all Suslin metrizable spaces, in particular it contains all Polish spaces.
Here is an example where X is not metrizable.

Example 3.3 (tempered distributions). If X is the inductive limit of a sequence
of metrizable compact space, the space X is called a submetrizable k,-space
or a submetrizable hemicompact space, and it is automatically Suslin regular,
see [14, Section 4.4] and the references therein. The following example comes
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from [21]: If E is a separable Fréchet space, then the dual E} of E, endowed
with the topology 7. of uniform convergence on compact subsets of IE, is a sub-
metrizable k,,-space.

If E is a Fréchet-Montel space, then 7 is also the topology 7, of uniform
convergence on bounded subsets of E, that is, E} is the strong dual E; of E.
Thus the space S’ of tempered distributions is a submetrizable %,,-space.

Before we prove Theorem 3.2, let us recall a definition of [14]. With the no-
tations of Theorem 3.2, we say that the net (u*) converges S-stably to p if
(3.1) holds for every normal bounded integrand f. This convergence is topolo-
gisable, as well as the (W-)stable convergence.

Proof of Theorem 3.2. Using truncatures, it is easy to reduce the proof of (3.1)
to the case when the normal integrand f is bounded: see [14, Theorem
2.1.12-(d)]. Thus Theorem 3.2 amounts to say that, under our hypothesis,
the (W-)stable topology on Y([0, 1], £([0, 1]), A; X) coincides with the a pri-
ori finer S-stable topology. Furthermore, by [14, Lemma 2.1.2], we can re-
place without loss of generality the o-algebra £([0, 1]) by the Borel o-algebra
B([0,1]) on [0, 1] (that is, we can assume that f is B(]0, 1]) ® B(X)-measurable
and that, for each «, the mapping w — 2 is B([0, 1])-measurable). Now,
by lemma 3.1, for every ¢ > 0, there exists a closed subset £2. of [0, 1] with
A([0,1]\ Q) < e such that f‘nexx is Ls.c. Let M = sup, , f(t,z) < +oo0.

We can extend f|Q (x foan l.s.c. mapping fdeﬁned on [0,1] x X by set-

ting f(t,z) = M if t ¢ Q. But, from [14, Theorem 2.1.13-D], as [0,1] x X
is a regular Suslin space, the stable convergence on Y([0, 1], B([0, 1]), A; X)
is induced by the narrow convergence on the space of probability measures on
([0,1] x X), that is, for every bounded L.s.c. mapping h: [0,1] x X — [0, +oo],
we have

h(t, z) dug(z) dt > / h(t, ) dpe(2) dt.
[0,1]xX

(3.2)  liminf /

[0,1]xX

Applying (3.2) with i = f, we thus have

/ Ft,z) dpy(z) dt < / F(t, ) dpy () dt
[0,1]xX

[0,1]xX

[e3

< lim inf/ ft,z) dul(z) dt
[0,1]xX

< lim inf/ f(t,z) dug(z) dt + eM,
[0,1]xX

[e4

which proves (3.1). O
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Some epiconvergence results. We now continue with some limiting proper-
ties of a sequence of variational inequalities given by normal integrands.

We say that a sequence () of lower semicontinuous functions lower epi-
converges to a lower semicontinuous function ¢ if, for every sequence (xy)
in H converging to z, we have lim infy pr{xr) > @(z). We say that (@) up-
per epiconverges to o if, for every y € H, there exists a sequence (yx)x in H
converging to y such that limsup; o (yx) < ©(y). If (¢x) both lower and
upper epiconverges to ¢, we say that (@) epiconverges to . These notions
are easily extended to normal integrands. For instance, a sequence () of nor-
mal integrands lower epiconverges to a normal integrand ¢, if (¢, .) lower
epiconverges to (¢, .) for every fixed ¢t € [0, 1].

The following lemma has a long story. For example, it is a parametrized
version of {19, Lemma 1.5]. It is also, in a different way, an extension of a result
obtained in |7, 13]. One can find in [24] an interesting application of this type
of result in dynamic programming.

Lemma 3.4. Let N = NU{oo} and let X and Y be topological spaces. Assume
that Y is Suslin regular and that furthermore Y is the inductive limit of an
increasing sequence (Y,,) of metrizable Borel subspaces (see Lemma 3.1 and
Theorem 3.2). Let {py, : k € N} be a sequence of normal integrands defined
on [0,1] x X x Y with values in |0, +00] such that, for every fixed t € {0, 1],
wi(t, ., .) is lower semicontinuous on X x Y. Assume also that, for every fixed
t € [0, 1] and for every sequence (xx, yx )k in X x Y which converges to some
(z,y) € X x Y, we have

(33) limkiank(t,xhyk) > Woo(tax, y)

Let (uy)x be a sequence of measurable mappings from [0, 1] to X which con-
verges pointwisely to a measurable mapping u.. Let (A*) be a sequence of
Young measures in Y([0, 1}; Y) stably converging to A= € Y([0,1]; Y). Then
we have

lim nf /O 1 [ /Y o, (), ) d)\f(y)] dt
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Proof. We define a measurable function : [0,1] x N x Y — [0, +00], by
Yt k,y) = wr(t, ug(t),y). Let us prove that, for every ¢ € [0,1], ¥(¢,-, ")
is Ls.c. (the idea of using N in this kind of semicontinuity result stems from
Balder [3]). Let t € [0,1] and let (ps, yx)r be a sequence in N x Y which
converges to some (p,y) € N x Y. If p < +00 we have

(3.4)



